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Abstract

Nucleation is the initial stage of mdt-order phase transition, such aseajquid
condensation, crystallization and precipitatiovhen the system evolves from the
thermodynamianetastable state into a stable sthteanetallic systemsthe nucleation
process determines the kinetics of new phase formation, and strongly iefltleac
evolutionof intermediate products during phase transitidre nucleation mechanism
has drawn the academic attention for years, but there are still many questiongigemain
unsolved. The welknown Classical Nucleation Theory (CNT) captures the essence of
nucleation, buthe macroscopic description thie very smaltritical nucleus also calls
into question in real applications.

In this work, the atonstic Monte Carlosimulaion techniquecombined with
enhanced sampling methodsusedo investigate the nucleation mechanism in binary
metallic systera Profound insight into microscopic aspects ofhe nucleation
mechanisnmareprovided and compared with the concepts from CNIth as the cluster
description, interfacial energy, nucleation energy barrier and driving fdrce.
enhanced sampling methods provideplausible way to bridge the gap between
continuum modelling and atomic simulatiomgyich enables thealidaton of classical
theories or other neanlassical continuum modellingy computational experiments in
atomicdimension

Additionally, anovel ancefficient way, theReweighted Partial Pa(RPP)method
Is developed angroposedo compute free energyrofiles for diffusive processes
single Transition Interface Sampling (TIS) or Forward Flux Sampling (FFS)
simulations The method employs a partial path reweighting strategy, based on the
memory loss assumption for diffusive systems, to derive thdlagqum distribution of
states along chosen order parametieom TIS or FFS trajectoriedNo additional

calculationssuch asreverse TIS or Umbrella Sampliage required



Abbreviati ons

BC Benn@han@dmet hod)

bcc boeyntered cubic

CNT Classical Nucleation Theory
FF S Forward Flux Sampling

fcc facentered cubic

LCE Local Chemi cédpoEerwmitrahinent

MC Monte Carl o

PPTI S Parti al Path Transition Interf
RPP Rewei ghted Parti al Pat h

TS T Transition State Theory
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TI S Transition Interface Sampling
Us Umbrell a Sampling

VGSGC Var i-Gaoetr aiQGreadd afemii c al

WHAM Wei ghted Histogram Anal ysi s Me



Contents

1

2

I Nt r 0 d U.Colol Qe 1
ODbj @ Clil VB S A
State af...t.he..arf.t .. 5
3. 1Cl assi cal nu.c.l.e.a.t.i.o.n..t.heo.r.y.......Db
3.2Monte Car l.o..s.i.mul.al. i 0N 9
3. 3Rare event samp.l.i.ng..met.hads....10
3. 3. BennChtatnd!| er nBG)h.od..( TS T. ... 11
3.3.Zransition Pat.h..Sampl.i.ng..(TRS).15
3.3.3Fransition I nte.r.f.ac.e..Samp.l.i.n.g..(1T6 S)
3.3. Borward FIl ux .Samp.l.i.ng. .. (FEES). ..... 20
3.40t her enhanced..s.amp.l.i.n.g..met.h.0@2
3.4. Umbrell a..Samp.li.n.Go . 22
3.4. Yari-@ansetr ai-Qreadi @ emii eSaGIC) ( vG.s.e.mBb e
ST MU . @l il 0N e 29
4. 1IMont e Carl o si mCuati.bongyg.si.n..di.l2®te Fe
4. 1. At omic di.f fUsi 0 29
4. 1. Rocal Chemi cal Envi.r.onme.n.t...p.o.t.e3n0t i al (LC
4. 2Forward Flux Sampling (FES).1.d83 Cu nuc
4. 2. Order p.af.amel. 33
R - S S T I o T o = o B U O = 35
4. 3Nucl eation free..ener.g.y..ev.a.l.uaildi7on
4. 3. Umbrel |l a..Samp.l.i.ng. i, 37
4. 3. Reweighted Par.t.ii.al...Pat.h..met.hod.40
4. 4 nterfacial ener $¥GCc @ans.elmdbt.ie0.®9i n t he
RE S Ut S e 5.3
5. 1Assessment eoft.l.aCE..Pp.Oiiiiiiiiieee, 53
5.2Nucl eation f-Cwealehey.g.y..i.n..Fe...56
5.2. Evaluations by ..Umb.r.el.l.a..Samp.l.i.n5g6
5.2. Evaluations buy..t.he..RRRP.met.h.od...59
5.3FFS trajectori es..and..nu.cl.eat.i.®&d rates
5.3. Nucleation rates..f.r.aom.EES..cal.cubldati ons
5.3. 2ompari sonf omiccen MQC ustiemul.at.i.ao.ns..69
5.4Compari son..wi.t.h  CNT........... 72
5. 56Chemical compositio+w!l asd.es.Bapdg7o0f crit

5.5. Concentration profiles ac.ur.as.s..t/hfe precip

5.5. 83hape armralrtsa gsel aBsll..e.f. Suiiiiiiiiiiind 80
5. 6Anal yegfes/ ©OF i nt er.f.ac.i.al..ene.r.g.y91l



(ST O N T o § BT O o T ¢ PRSP 97

6. 1Rol e of statist.i.c.al..s.ampl.i.ng..@&dt hods

6. 2The wsarmlge cl-Cateael.boy.s.Ee........ 98
6. 3Controversial defini.t.i.on.f.or.iI0a@erphas
6. 4Pros and cons..of....RRR...met.hod...102

A T U I 1 01 1 1= U A VSRR 105

R e €. N G .S e 1.07

I o T =T 4 o RSP 1.13



1 Introduction

Nucleation isan important process science and technologwhich represents
theinitial stage offirst-order phasé&ansitiors, such as crystallization in a liquid, vapor
condensation and precipitation in supersaturated solid sol®the systemis
evolving from a metastable state into a stable state. This transition often occurs as the
intensive conditionlike temperature or pressure, is changed such thasykem is
brought out ofequilibrium. When the perturbation is not strong enough to trigger the
spinodal decomposition, the system stays in a metastable state, and the transition
proceeds involving of the sigsn to overcome an energy baryias illustrated ifrigure
1.1, to form the stablenew phase.The nanoscopimuclel of a new phase are firstly
formed fromrandomdensityfluctuatiors in the metastable statdDue to theenergy
barrier,mostof the nuclewill disappeaagainin a short time and only a rare amount

of them reach the critical size and further grow into the thermodynamic favorable state.
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The essence dhe nucleation mechanism is well described in the framework

known as theClassicalNucleation Thegr (CNT), which wasdevelopednore thama



century ago and has been successfully appligdniousdifferent systems with proper
modifications.Despite the huge success of CMMmgor problemremains insofathat
CNT is based on the continon thermodynamic treatmemnwhere the critical clusters
of a new phasere assumed to have the same properties asdhespondingulk
material, while, in practice, the critical clustexfien only contain tens of atoms or
molecules andhence do not fdfill the macroscopic description in continuum
modelling. Since nucleation is a neeguilibrium process, the validation of classical
theories and other neslassical continuuabased methods are extremely difficult in
both experimental and theoretical agpec

In recent years, atomic simulations are frequently used in the studiesiais
nucleation scenariosvith the huge potentiafor providing unique insight it
microscopic aspesbf nucleation. However, since nucleation is a rare eventthee.
waiting time before a transition occurriegn be many orders of magnitude longer than
the time required for the transition event itséliis separation of time scale makes it
impractical to studyucleationprocesses with sufficient statistics using conventional
bruteforce simulatios on current computers.

Rare event problems can be tackled with trajeebayed sampling techniques that
focus on the segments of time evolution where the reaction of intengsénsin the
last decade, a series of trajecttwsed sampling techniques, also known as Rare Event
Sampling methodshave beendesigned for the investigation of nequilibrium
transitions with stochastic natufighese methodgsrovide efficient mean® grasp large
information about transition pathways, which enables more sophisticated analysis of
complex nucleation transitions compared with conventional simulations.

The main purpose dRare Event Samplinghethods is to reveal the transition
mechanisn and determineate constast for the processTo analyze equilibrium
properties such as the reaction free energy, usuallgdditional calculations are
necessary. This can be ddmeeither employing a biased sampling technjcqueh as
Umbrella Samphg (US) or performing an additional path simulation for the reverse
transition.Both choicegequire additional, usually significant, amount of computation

time to obtain an accurate estimationtbé transition free energyUnder certain
2



circumstances.g, in diffusive processedree energies caalsobe extracted directly
from path sampling simulationtn these cases, the rate constant as well as the free
energy profile can be simultaneousbiculatedn one simulation.

So far, the rain applications of Rare Event Sampling methods are to investigate
the activated transitions in soft matters, ,eogpchemical switches, protein unfolding,
and liquidsolid transition in wateHowever, hese methods are barely used in the study
of solid-solid transitions in metallic systen&etting up a framework to implement Rare
Event Sampling methods such scenarios will be informative and inspiring for future

researches in this ardais performed in the present work.



2 Objectives

This thesiscomprises ofa comprehensive study of nucleation transitions in a
binary metallic system through atomic simulati@esnbined with enhanced sampling

methodsThe main tasks are

(1) Settingup a framework for atomistic simulation of the nucleation pssc
using the lattice Monte Carlo method and advariRace Event Sapling
techniques;

(i) Providing thorough understanding othe nucleation process from a
microscopigpoint ofview, including the quantitative analysis of the nuclei
evolution in size, chemicalbmposition and geometrical shape

(i)  Evaluatingimportant features of nucleation, such ascleation rates,
critical cluster size and energy barriers, using the enhanced sampling
methods;

(iv)  Validatingsome basiconcepts in classical theorjes

(v) Proposingan efficient strategy to calculate the free energy prdfilectly

from thenucleation trajectories sampling simulations.



3 State ofthe art

This sectiongives a brief introduction to the methodologiased in this work,
including the Classical Nucleation ThgprMonte Carlo approaches, Rare Event
Sampling methodslmbrella Sampling technique an¥arianceConstrained Semi

GrandCanonical (VESGC) ensemble

31Cl assi cal nucl eati on theor

In classical nucleation theofli 8], the microscopic nucleus @ new phase is
assumed to have the same properties as the new phase in bulk state. The important
properties, such ashe chemical potential and composition are evaluated using a
thermodynamic continuum treatment, sot thiae only needs thextensive parameters
of the newphase nucleisuch as volume and masas the order paramegeto
guantitativelydescribethe progresof nucleation Generally the work of formatiorof
a secondarphase nucleuss expressed as a volerfree energy contribution combined

with the interfacial free energy:
DG = ®, &P (3-1)
where DGvol is the free energy contribution from the volumetloé new phase, and
DGuvol is the surface energy from the interface formed between the old and new phases

as illustrated irFigure3.1.
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formed between t he Tlhod df rasmma ereevr pyh asfe sn ungubgbaetri o n

of at onmsdisnalaong with t hee @sodrugne taenrdmss ufrrfcanc en u c |

Classical thegr uses a capillarity approximation to describe tiparticle of new

phase which is assumed to be spherewith radiusr, and the surface between two

m
vol

phases is a sharp interface with thickness approximately equalinDédiing DG

as the volume freenergy theenergychange by forming an unit volumeméwphase
from theold phase without considering the interface between two phaseg,aaritie
interfacial energy per unit area mdicle/parent interfaceone can rewrite the equation
(3-1) as

A48 .
DG G, 4+r’g (3-2).

For a nucleus to arrive at a stable overcritical size, an energy barrier with the height
DG* must be overcome, typically by thermal activation. In CNT, the critical quantities
for the energy barrieDG*, and the radiug;*, are straightforwardly obtainddom the

extremum values calculus as

3
o6 XL (39
(DGVOI)
and
. 29
r= 3-4).
" (3-4

vol

Both quantities, volume free energy change and interfacial energy, can
straightforwardly be evaluated from computational thermodynamics as, for instance,
described in the CALPHAD methdfl].

In the capillarity approximationgtakes thevalue from interfaciakenergy of a
planarinterfac betweerthe bulk ofa nucleusand parent phase, which is independent
of the nucleus siz&his approximation is strongly disputsthcethe interfacial energy
betweennuclei and parent phase is a sidependent value. Tolman et.fl0] have

proposed thaheinterfacial energy between a droplet with radiand supersatured

6
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vapor follows the form asg= an/(l */ ) , Where g, is the planarinterfacial

energy of a flat droplet/vapor interface amis called the Tolman lengttlthough
there are still arguments on the form of Tolmangth, it is acknowledged that the
interfacial energy for small particle formed during nucleation isdegmendent. Apart
from Tol manbs equat i onayailabldhatheesizedependert | s o
interfacial energy, which consider the correctifor the highorder expansion
component irthe Tolman theory. For nucleation in solid solutionssize dependent
GBB model[11,12] has beemproposed to evaluate the interfacial energy for small
particles by includinga correctionfor missing broken bond due to the curvature of
particle compared with a flat interface. In the mentioned models, the definition of
precipitate/matrix (or droplet/vap) interface is based omnaequimolar rule for
homogeneous nucleation to conserve the thermodynamic considtewgver, this
macroscopicassumption is not alwayglausibleto the nanesized critical clusters
observed iranucleation process in solid sdibn.

The reviewarticles of McDonald [5,6] and Feder eal. [7] provide ageneral
picture of the classicalucleatiortheories froma series of works byolmer-Weber[1],
BeckerD0dring [2], Zeldovich[4] and Frenke[3]. In classical theories, the nucleation
kinetics isdrivenby the change of nualssizedue toattaching or releasing monomeric
molecular or atom, whereas the size change contributed from clusters, such as dimers
and triplesjs negligible.Therefore, the master equation of nucleation can be written as

N,
bt

where Nnt is the number density of nucleonsising of n molecules k™’ is the

= (Nn-l,tK:-l H\ln mKw 1)F (_Nn,tK|+ Nﬁ,t Kn) (3'5)

corresponding frequency of attaching (detaching) a nearby monomer tantiodsie
When the system reagbequilibrium, the transition rate fromatom (or moleculg

clusters tm+1-atomclustersequals to the reverse rate, i.e.

ot



N, kn N7 1kn-11 (3'6)
where N? is the number density efatomclusters aequilibrium. Accordingly, N?
is related to the nucleation free eneRy(n) as N° = Nnormexp( - B(ny Ig'l), where

Nnorm is the normalization factor adN,,,,, = ﬁ] NP dn. Considering equatio(8-6), one

can rearrange equati¢s5) as

IJ‘N n+1t Nnt 0 +
=) N
llt nk”( n+1 NO) nlh- n Nr?l
) & LﬁN ~ (3-7).
gk e @

Nn -l,t)

R

According to equatiolf3-7), the flux of clustes on the n-size coordinate, i.e. the
change of total number of cless per unit time in unit volume, also known as the

nucleation rate, is written as

J= NK —ae (3-9).

iy 0 :
In steadystate condition, J.= N/ Ig aeN— geonst . Accordingly, the
Hig ™+

nucleation ratés obtainedas|[6,7]
. e )
J, = NZu/ expg DS (3-9)
& KT

whereN is the number of potential nucleation sit8ss the Zeldovich factorn is the
atomic attachment rat@, is the number of atoms in the cluster dd@- is the free

energy barrier at the critical cluster size The Zeldovich factoZ is related to the

curvature of the free energy barrier at the critical siZes DG (n) .
2pk, T

In classical theories, a continuwmechanical expressioffior the atomic
attachment ratbas been suggested by Svoboda €tl8l.for spherical precipitates in

multi-component system as



* A 51
= apr )2 S5 (0 - COi)Z‘S
a'W e, @D g

Co)

wherer+ is the radius of the critical clustex,s the nearesteighbor atomic distance,
W is the molar volumegki are the concentrations of elemen the precipitate with
index k, coi are the concentrations in the matrix, &b is the tracer diffusivity of

element in the matrix.

32Monte Carl o simul ati on

The modern Monte Carlo meth@it¥] can be dated ba¢&the1940swhenpeople
started touse random numbgto examinephysical problems in a stochastic manner.
Simple strategies in early Monte Carlo meth@ie derived to provide means to
estimate answers to analytically intractable probldmsld times, a main difficulty of
implication oftheMonte Carlo method is the limitation of computing efficiendith
modern computation power dramatically incregsgsimple Monte Carlo strategies are
more frequently used to investigate complex problems in physics, subb fasro-
magnetic transition, radiative decay gmecipitation.The basic algorithm of Monte
Carlo is very simple. The master equation in Mo@tlo method to simulate the

canonicakystem evolution is

P (t .
B0 A [ROW, , ROW, ] (31}
wheP@i s the probabilinay &¢f dmlllessybeemransst

rate of the ntysm@mtc®mr am ngd pphoessitcast,i stthiec pr ob

Pt) , foll owing the Boltzmann distribution,
expt E, Ik, T
py=2R 5l (317

wheEd s t he telseyrsgye monfandstsattene par Theion fu

domi nator Bh eignadi bhi eul tbuto odet erami ncal c
probam(i)l ibtaygsed on the pr ostmasbia i Mar koofv iparne vcit
Therefore, Zihe a@wtm matiocal |y cancell ed, and

bet ween DBEFEa-Egiss nesedede casttatatpoababil ity
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In equilibrium, uPn(t)/t = 0, hence the right side of equati{8-11) also equals 0O,

Le. P(OW, .- P(OW, ., 0. The transition rates satisfg this equilibrium balance

m

are acceptable in simulation&ccordingly, aMetropolis formof the transition rate
from statem nis defined as

_gt)lexpt B /K, T) when B 8

W, =1
Tt whebE ¢

m- n

(313

wherfheshe ti me nMQ@utirrieadlU d antatbideaypprtef erred as ti
of MC Tshtee pMdet ropol i s Modnotre eQaurilhoi la lagyopdirct ahln

flippiimmg caynstbemdescri bed as foll ows:

A)Choose an initial state;

2)Choosei; a site

3)Cal cul ate the es@mgygyisdiddueammence i f the
4 The acceptance probabveéeity atoémptt hi E

P=min{exp(- B/kT)};
B)Generate a rREAENndpORMMiUhelsf tri al step i s

singt issteeduvenr. Ot herwise, this trial is

6)Go to €8uilLbbihtion

33Rare evenmessmpg!| i ng

Activated processedominated by rare evestincluding chemical reactions,
crystal nucleation and biochemical switchiqdgy importantroles in many areas of
science and technology. In principlpmisticsimulation techniquesuch asMonte
Carlo and molecular dynamics simulations can be usestudy the kinetics and
mechanism of these processes. Due to the presence of high activation barriers, however,
the waiting times for activated events can be many orders of magnitude longer than the

time required for the transition event itself. This sepanaof time scale makes it

10



impractical to study activatleprocesses with sufficient statistics using conventional
bruteforce simulation on current computers. Rare event problems can be tackled with
trajectorybased sampling techniques that focus on dgenents of the time evolution
where the reaction of interest happehRat instance, in th@ransition Path Sampling
(TPS) method15][16][17][18][19], rare transition pathways are generated by carrying
out a Monte Carlo simulation in trajectory space while maintaining reactivity at each
instant of the snulation. Based on the TPS framework, van &rgl.[20] introduced

the Transition InterfacBampling (TIS) method for the efficient calculation of reaction
rate constants, in which one considers ensembles of trajectories crossing a series of
interfaces between reactants and products. Following similar ideas eAl¢fi21,22]
proposed the Forward Flux ®aling (FFS) algorithm, which is also applicable tonhon
equilibrium systems where detailed balance is violated. In contrast to TIS, in FFS
pathways are generated in a ratdilet manner only in forward direction, which can
slow down the sampling of tragory space.

In this chaptera briefreviewof rare event methods given including the Bennet
Chandler method (TSBC), Transition Path Sampling (TISJransition Interface
Sampling(TIS) and Forward Flux Sampling (FFS). Even though only ISR&edin
the Monte Carlosimulations forsolid-solid nucleation(see section 4yeviewing the
other methods can help the read&r comprehend the theoratldasis ofthe FFS
methodand provde necessary background information for the subsequent discussion

of theRPRFFS method in sectiab

331Benth@hamdidet hod-BCIST

The BennetChandler metho{3,24] also known as the reactive flux method, is
proposed to calculate the reaction rate constant based on the Transitiohh8tate
(TST) [23]. Consider a revergle transition between two stable phases, A and B, in a
high dimensional system specified by the vegtar phase spa¢es shown irFigure
3.2(a). The transition is characterized by an order paramége). In TST, the phase
spacss partitionedby a surface with (x)= /+ into two adjacent regionge. A' and B

11



in Figure3.2(a), which contain the actual stable statemndB, respectivelyAs shown

in Figure3.2 (b), /= is the critical point where the maximum of transition energy barrier
lies on/-coordinateln Transition State Theoryhe actual stable And Bstates are
replacel with the two adjacent phase regioh'sandB', so thatthe systentanonly be

in two stateg eitherA' or B'. Once the system leaves, & enters B and vice versa.
Based on this assumptiaihe rate constanfor reactionA- B can be calculateffom

the meamnresidue time othesystem in state /Aas:

oot ), ea{-weykT)

'AB mr
t

AB 2 ﬁ;d/ 'exp(-W( /')/K;T)

(3-14)

where <‘/‘> is the average velocity to cross the diving surfacandW(s) is the

/=17

reversible work needed to move the system from stateaATioe TST rate constant is

derived from the mean residue timgg , which meaures the average tintlbe system

spendin A’ state inequilibrium

However, for norequilibrium reactionsequation(3-14) overestimates the rate
constant byassuminghat thetrajectorieswill only cross the surfacé(x)=/+ once and
there is no recursive behavior of the system toross the dividing surfacedm B.
For exampleunder TSTassumptions, the upper trajectory kigure 3.2(a), which
crosesthe dividing surface but do not reach iBfalsely considered as a transition
While the other trajectoryeingconsidered to have positively crossed the surface twice
it only positively crossethe dividing surface oncstartingfrom stateA. In orderto
avoid these problem®ennett and Chandl@3,24] provide a correction to the rate

constant expressidn TST (equation(3-14)).

12



(a) (b) 4

F(A)

A

A
Fi g32(ent he phase-ssmdbde cfysda elm, t hesAragdoBsaoé mwoke

by the grneyTihalr, sas foxc e (dwistph ayeldi als blhaskpauvates t he
phase spadg aiceind NpOg @) a n dNje(B >»>),whi ch contain the act.
states A and BhertbhpeacaiwveWwylines indicate the traj
(bThe projectioinnoma)pheaseocowpaimabE(@ddpd dhdefr paramet

wheaies the critical poi nt oeditdh et hdea sdhievdi nlgi nseur.f ace i n

In Bennett and ChandIlgBC) method[23,24] a correlation functionC(t) is

definedas

(ha (%)L (%))
(hy (xo))

wh exties the configuratthaaér) of st hecbhbgsbhemeat st
which déagquan srelgBoand 0 (Filgc3&(vhEme BC met hod

C(t)= 15

keeps the TST treatment of dividing the pha
the actual stable states, hence, the syster
ground. I n this case,haxi hnedhe(e)h a a a e taesreil at ied

ha(xt) =ba(ést) The r ate consttahnet diesr Cfyaaltci wlea toefd as

kee (D) = C(1) F(D k" 1P
whekitei s called reactive flux orap3itive fI

is the rate constant defeaqeaBbyk,{triamsi ti on

equa@Bl®Bnal so kmBdwat ascidsts Ibtaasnetd on t he mean
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time of cros/& #¢r ohds As lhofvag83(nd k, equal s

t ks at=0, tdregh varwietshunt mbe systtehme rstaemddeys

region. TwhiettiHp b atsedaiun  t he | ow&i g BB(et)ur e
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l'lustration of CHe andr ri @ l€gtdiearn vfaun otei on

When computing the reaction rate constant wiEBT-BC method (equation
(3-16)), one needs térstly evaluatethe criticalvalue/* from the free energyprofile
F(/), sincethe definition of characteristic functisyha(x) andhge(x), aredependent on

/*. Usually, F(/) is calculated with th&lmbrella SamplingechniqueThen a massive

number of trajectories amgartingfrom /*, and the reactive fluxk(t) is determined

as the fraction of trajectories ending in the product states. Sinegghessinof k.5’

uses the Boltzmann distribution as equilibrium, T&T-BC rate expression is not
suitable for norequiibrium casesMeanwhile,the TST-BC methodassume thatthe
critical point/* mustexist onthechosen order parameténerefore this methoid very

sensitive to the choice of order parameter. A pooan lead to signif@nt error in the

estimation of K, .
14
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332Transition RatPits)Sampl i ng

TPS [15,1719] is a sampling method to investigate the -@ouilibrium
transitions by exploring th&ansition trajectory space with a Monte Carlo strategy.
Unlike TST and TSIBC methods, TPS does not require theknowledge ofa free
energy profile and the precise location/éf TPS is also insensitive to the choice of
order parameter, and/avhich properly distinguishes the reactant and product states is

adequate in the application of TPS.

A trajectory or path,x’ ={x, OxQ O,x,} consists of a discrete sequence of
phase points or snapshatsndexed by timé, wheret is the total dration or length of

the pathThe probability of observing a particular trajectgryis given by

T-At

P )=p(x )] [ p(x, = x,,,,) 31y

wherer(xo) is the equilibrium probability density ob, for instancein the canonical

ensemble, ang(xt- xtDx) is the Markovian probability of transitioning froxnto xtDr
in the time intervaDt. To study the reaction from state A to BRSdirectly samples
the Transition Path Ensemble (TPH)sing a Monte Carlo schem&he details of
sampling strategy in TPS can be found in [3,19]. Once the TPE is obtaindshsed
on the correlation function in equati¢®16), therateconstanis calculated as
%E%%iqw (313

where the subscript AB indicatéhe average over trajectories starting from A and

kae = C(D

endng in B. Equation(3-18) enables the calculation of C(t') from an arbitrarytime

with tNlj[0, t] in the plateau o€(t) as

C(t)=f{" d/ R( /1) (319

min

where /2 and /° define the region of B agxi B:/2 2 (x) 2%} . The

min

calculation of C(t") involves the integration over states with small probabilities, so
15



normally one neexto combine the path sampling wilbiased sampling method, such

as,UmbrellaSampling to get a accurate estimation o€(t").

In TPS, one doenot need to divide the phase space k@ ST andTST-BC
methods. The characteristic functidmsgs)(xt) use the definitions of the actual stable
state A and B as shown Figure3.4. Also, one does not need to have an accurate

and the preevaluation offree energy profilés omittable.

A

\ .
b ‘

\ A — /.‘
\\a f\gi“ /

Fi gB4dlen TPS, there is no needidtSBCparetihtiden {The phad
and B states keep their original definitidn and r e|
phasexpamnbe categori zeedetthoo fAAdodneer] i smtgd tye, tdire c har e
functuii@eas e different BICometh®desnedoirnek&8mple, the
fromh aanfl, ewhere the hixhadensgpaiOnt sTogitlhe p-hda,se poi nt s

ha(x) =0 hepip & 1. Arse maiprhiamge poi nt s hagxp=0hHexp t0aj ect ory,

333Transition I nt(ddfSagce Sampling

The TIS method[25] is a modification of TPS to imprevthe computation
efficiencyby constraining the searching of trajectories in adjacently separatsdion
phase regiondn TIS [20], the region between states A and B is partitioned by a series
of M+1 nonoverlapping inérfaces defined by corresponding valuég it o & of the
order parameteas shown irFigure 3.5 (a). The interfaces are selected such that the
first andthe last interface coincide with the boundaries of regfoand B, respectively,

/o=/A and/vm=/B. Trajectories are categorized into ensembles based on the interfaces
16



they cross. To describe the crossing order of a trajectory throughteviaces and]
(i, ), the twofold characteristic functions are introduced as:

‘Iél if t°(x) <tP(x)
i0 otherwise

e L RO

[0 otherwise

h(x) =
(329D

where tib(x) and tif (X) are the time durations tracing backward and forward,
respectively, from phase poxuntil the trajectory crosses interfader the first time.

Hence, ﬁlbj (x) =1 means that, before visiting the trajectory first crossgdand then

I without having revisitegl On the other handﬁ,fj (X) =1 indicates that the trajectory
presently visitsx and will continue to reachbeforej. Note that these characteristic

functions depend both on the phase space ga@satwell as on thparticular trajectory

going throughx. When the system is ergodic, both interfaicasdj will be crossed in

finite time, henceh® (x)+h".(x)= h' () +h/ ()= 1.

Next, one canuse h, (X) :ﬁfM (x) and hB(X):ﬁ\tj’O(X) to define the TIS

overall stateA andB. According to this definition, a point is assigned to overall
stateA if region A is reached before B when the trajectory throxgs followed
backwards in tim¢seeFigure3.5(a)). Hence, overall states andB consist of points
x located on trajectories coming from A and B, respectively.

(a) (b) A

Fi gBS(eadn TI1 S, a set o@f=chions ecow}faarcee sd ewiitnred i n phase s|
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boundary of A(B) ieawm. Bheet otvoe roavirida hEhgSe esdt idw ifetem g e n t

overall st at.esAfftoerr tar atjreacjteocrtioersy r e a Ahuenst i sst atte hA,t t
st BtTkehhe trajecBonyil sifinreaaliMise ns tcathtghud adamiati inal (b
fl ux usfinrge éraitormuele #ttdo ocxesynt t he number odf etffecti ve
first interface. Thnet sbloafc ke fdfoetcst iivred ica aotses,ietntge odoia t

(the main et diream)nsartd di agr am) .

Similarly, one can write the correlation functionaquation(3-15) using the TIS

overall stable states as

h, (X) (X))

3-2
(. () 21

c(t) = <

andthereaction ratédas also satisfiesk,; * C(t). Thereactionrate inTST-BC theory,

as shown inFigure 3.3(b), displayed a plateau iti [fwrans fstabid, While the one
calaulated from equatio(B-21) remain constant from O ttablewith the same value as
the rate constart the plateagiven byTST-BC and TPS methods.

Based on the characteristic function, the general crossing fanstitefined as

Y, () =R )q(/ - 1 (<) (Xp)- /) (3-2
where g is the Heaviside stefunction andDt is the time step. For the phase point
visited by a trajectory at time yi’j(xt) will equal 1 only if the trajectory comes

directly fromj and immediately crossasin the next time step of lengtht. For
convenience, an effective crossing function is defined as
YT (%) =h5()q( - 1 (x DG (Xi) - 1R (%)
=y, ()R (%)

When Y:’Jf“(xt):l, the trajectory, which crossestx: directly fromj, will visit | earlier

(3-2 B

than m, otherwise Y™ (x,)=0. Clearly, Y™ (x,)+Y T(x,)=y, (x,). The crossing

functions defined in equation8-22) and (3-23) areto characterize the trajectories

according to the interfaces they crosstime sequencé/Vhen takingequation(3-22)

18



to the extremeDt - 0, one can gethe velocity of crossing interfadeat timet in a

trajectory coming directly frombefore recrossing
foO)=limty (x) 32 ¥
Y T e
wherfeialso called thjg oAttecdiwnwgl | w€her omac
trans-iBdeom e wheteéetheasive fMuxi fe.om inter
Ko = (o) /(1) (325
and the reverse reaction rate &g, =(7,,,)/(h).

The flux <ij0> can beconsidered as the effective flux on a given interface
(O<i<j) continuing to crosgbefore coming back to 0, i.e.
(100 ={ £R') (325

Therefore, <fM ,o> can be rewritte@as the product of fraction like the Markovian chain:

(fuo)

(i
(e

(f10)

o () (5P (B 327
= <flvo>
(f) (£ (wfwg
Ml
= <f1,o> O <hi+1,0>f_
i=1 i,0
where (g(x))W is theweighted average for an observag{g) and a weight function
w(x), defined as(g(x))W = % . For conveniencegne cardefine a conditional
X
crossing probability P([" ij) as

19



m|iy — fi,Jﬁan N
P( ‘J) = < <fi,j>> :<hn| >fi,j (32 B

P(" ij) describes the probability that a path having crossed interféoen j will

continue to reach interface beforel. Combiningequationg3-25) to (3-28) , the rate

constant can be written as

) (32 ¥

o = (115} /(1)O P

Here, <f1,0>/<hA> = F,, istheinitial flux coming from A state to enter the buffer
region. In TIS, the initial flux can be calculated from a biforee simulation starting
from A state asF ao = No/ Dtior, WwhereNo is the positive crossing number as illustrated

in Figure 3.5(b), andDttwot is the total time the system remains in state A during the

simulation.

334Forward FIl uxFFS&®)mpl i ng

TheForward Flux Sampling methd@1] is built on the same theoretidass as
TIS, but it employs a different sampling strategy designed to obtain the transition paths
in a highy activated process.

In the FFS methqdne considers a typically higfimensional phase space. Each
point in this space represents a microscopic state of the system specified by the multi
dimensional coordinat&. Regions A and B are two stable (metastable) states defined
in terms of an order parametgtX), such that the system is in state A(K) < /o, and
in state B if/(X) > /m. A series of notoverlapping interfaces/{}i= 1 &1 is defined
between states A drB as illustrated irfFigure 3.6. In FFS one first performs brute
force simulations starting in state A. Every time a trajectory forweandses/ o, the
respective system configuration is stored and the simulation is restartedNuntil

configurations are collected. The average number of crossings through inferfate
of state A per unit time is denoted as initial fluxao = No/ Dtiot , Wheee Ditot is the total

time the system remains in state A during the simulation.
20
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A.O j.l j.l sees j.m-] /1.*1!
Fi g3aGSec hematic of a phase region between stable st at

nomverl appi n{di}i:iop_tmer faces

In the next step, the collected configurations/orserve as starting points of
trajectorieswhich arefollowed until the trajectory either crossésor returns back to
state A. AtotaloMot r aj ect or i e dotagereraté d setofeahfigurétions m
on /1, which are used to start new trajectories tontepeat the process for the next
interface From each interfack, Mi trajectories are fired and harvested that either reach
the next interfacéi+1 or return to state A. The probability that a trajectory, which has

crossed/i coming from state A, continues to crassi before returning to state A is
defined as the crossing probabilitf(/,,,| /)=N°/M . Here, N is the number of

trajectories that successfully croés: from /i. The whole procedure is terminated
when at least one trajectory reaches state B, and the transition rate domsstantbe

obtained from
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341Umbr eSalmp |l i ng

Umbrella Sampling26][27] is a commonly used strategy to obtain the freegne
profile along a chosen physical coordinate by performing a series of simulations under
a biased potential to constrain the system inside local regions in configuration space.
For example, when exploring the equilibrium distribution of -@thble syst@ on a
given order parametér using the brutdorce simulation, one can find the simulation
beingtrapped in the two stable statasd the highenergy region exhibits very poor
statistics, i.e. little information is displayed on the histograrh afoundthis regionas

shown inFigure3.7(a). To investigate the propertiesound the poor statisicegion,
e.g. around / in Figure 3.7(b), one can pose an umbrella potential
u(/) zg( / -_)f in simulationssuch that the area around is frequently visited

anda histogramwith enhanced distributioaround this area can be obtained.

(a) (b) N
A A E UAy=x2(A-A )
HA) F(4)
i 7 7
A A
hist(A) hist(4)
P P

Fi g8%(edaThe wupper diagram i-st dlhlee fd-gexed ediewagtye .ofThae blio
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picture shows the /eogfuitlheprawhssireeréa s reghiaamof mar ked b
the grey area, shows veryst pgo(a)fosstiantgi sa i ltisa saeccc op ati e

U(/)zg(/_—)f(the redmbusShlpd i ng, one can obhashobeatmer s

arou/_nd

In order to reveal the distribution 6fin region [/ o, / m], one needs tohoose a set
of biased potentialdJ, (/) :g( / -_il)zwith different / ,i=1, 2,» , S in the region
of interest as shown inFigure 3.8. With eachUi, an independent simulatiots

performed tabtainthe enhanced histogram arourid , which is denoted dsist(/).

After all the histograms fror® simulations are obtainednecan derive theinbiased

distribution of/ with the Weighted Histogram Analysis Method (WHAM).

(a) U(AyFK2(A-2 Y

/

FA)

(b)

i=3

hist(1)

kg

Fi gB8&(ealhe bi asediapeet edrnitsipdlasyed Bsurcodoépermrdemctur vyiemul at

wi th d/Ti.f f fe)e rhti s t /oogbrtaam noefdt hi ns ienauclhat i on is displ ayed

wiht t he same col or of the respective biased potenti :

According to probability theory, thexpected probability abbsening / in thei-

th simulation i (/), fulfill sthe following equation,
23



ri )=1%cq( ) () (331
wherer (/) is the unbiased probability @f which is connected to the free energy by

F(/)= TIn £ ). The factor ci(/) is related to the bias potential by
/M

¢(/)=exp Y (/)kT], andfiis a normalized factor defined q$7/a c(/) £ )
I=4

. The probability of observing a given histogrdmst(/) can be derived from the

multinomial distribution as

N, )! N hisg, (/
R (hist(/); ( ))=,M(—')O( (n)" T (332
O (nist ()1’
/=
where Ni is the total observation made irth simulation, i.e. N, =§{ hist(/) .
/=

Accordingly, the overall likelihood to observe the set of histograimst{/) }i= 1 s in

Sindependent simulations is given as

2
P({hist(/)}; £ ))=0O P(hist ):/,( ) (3-33).
Taking the logarithm of both sides of equat{835) leads to
InP({hist(/)}; €)= -A ()) leons! (3-34)
where A(r( ))= -as_ N f %‘M( Yin () with M(/)zg hist( ) . Now, the
i=1 /= i=1

maximum likelihood observation dfist(/)}i= 1 ¢ €orresponds to the minimum of

A(r( ). At the minimum of A(r( }), the derivative of A(r( }) on each

individual 7 (/) should be zero, i.epA(r( J)/ W(r) /G. Consideringthat fi is

dependent om (/), the equilibrium probabilityf / can be written as
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_ M)
f())—m (33 %

Equations(3-31) and(3-35) areknown as the coupled nonlinear WHAM (Weighted
Histogram Analysis MethodR6][28] equations, which can be solved iterativelyffor

andr (n) until seltconsistency ischieved

342Vari £onetr aiSmm@Gr arCdnoni ¢ /lSGC)

ensembl e

Thevarianceconstrainecensemble$29,30]are proposed to study the multiphase
regiors of phase diagramby enabling thermodynamic integration across phase
boundaries and computation thie free energy on composition inside the miscibility
gap.IntheVC-SGC ensemble, the canonical free energy as a function of concentration
can be calculated by integrating the energy derivatives over the whole concentration
range, from which one can extractetimterphasesurfaceenergyas a function of
temperature and orientation.

The VGSGC ensemble meth¢29,30]is analogous ttdmbrellaSampling, where

a harmonic external potentiaDUfj:k/Z(NA- NA)2 is applied to control the

fluctuation oftotal concentratiomn a semigrand canonical ensemble of a binary AB

system.Here, k is a force constant to restrain ttodal number ofelementA, i.e. Na,

arounda given NA. Denoting the total number of atoms in the systenNathe
constrained concentrationt is defined as ©=N,/N . Additionally, a
thermodynamicariablef is definedas f =- ZkNA =- 2kNc . Theexternal potential
DU. is thenrewrittenas the fuation of concentration,

DU? =k(Nc+£ / 2k)? (3-3p

wherec is the instantconcentration of Aobserved inthe simulation i.e. c=Na/N.

Accordingly, the partition function aVC-SGC ensemble can be expressed as
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1
Z,(f, kN)=pyexp{ - [&(c N) +UpJ}dc (3-3Y
where F.(c, N) is the free energy in the canonical ensemble with total nuofaer
atomsand concentratiorc. The integrand in guation(3-37) describs the probability

distribution of concentratio in the entire VESGC ensemble, whicheaks at the

average concentration<c>v. Therefore, the derivative of this integrand on

concentration atc:<c>V equals zero, givinthe relation betweehand F.(c, N) as
f+2Nk<c>V =- N"F, /‘ﬂc(<c>v 'N) (3-39).

In the right side ofequation(3-38), the derivative of canonical free energy,

TF./ ﬂc(<c>v ,N), is an unbiasedbservablewhich can be usko reconstruct the free

energy asF.(c, N) = r”j i/ d{g, . N)dc

For animmisciblebinaryA-B systemwith two stable phasesandp, as illustrated
in Error! Reference source not found, the curve of free energy derivative reveals
several different stages of equilibriums the total concentratianvariesfrom 0 to 1.
Apart from the two singlghase stagewithhomogeneousg or b phass, there are five
co-existing patternsof a and b in equilibrium at differentc: (I) the spherdike
precipitateof b phase ina phase; (Il) the cylindrial precipitats of 6 phase ina phase;
() slabs of a and b phasescontactingby planar interfaces; (IV) the cylindat
precipitats of a phase inbphase; (V) the spheiléke precipitatsof a phase inbphase

Without considering other effects, suchth®elastic or magnetic fiekithe excess free

energy DF_.(c) , at a given concentrationc can be calculated as

DF,.(c) =F.(c) em N (= 0 -giN, wherem andm are the chemical potentsbf

elements A and B equilibrateda and 6 phasesn thethermodynamidimit.
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The snapshots are taken from the equilibrated confi
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I te VYiare di ff e®xe sdtaindifph g € sisso disnccor easihgke(huct lrassp
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separated by pl anarriicmtle rpfrasuck apsitg (alane)e otf { &4) € ¥ Bien & p h e r
nucl ealpsh acsfep hians e . I n stage |, ctdleec osnpotsefsp hanstenon hent
precipitate witadaptbaone emittrlat'd.oomcentrati on

The planara/b interfacial energy can bairectly calculated fromDF,.(c) in

theslabregionof a and b phases, i.e. region l1gs,

gplan = IBxc(C)/ S (3‘39)

where ¢ is a concentrationin region Ill, andS denotes the surface areaf planar
interfaces betweerthe slab®f a andb phasesTo the curved interfacbetween sphere
like b precipitates andthe a parent phase.e. stage | inError! Reference source not

found., the interfacial energyg,,, is calculated as
n= Bs(Q)/ S N) (3-40)
where DF, (c) is the excess free energy frahe curved interfacen the spherdike

precipitate regioand S,,(N") is the surface area d@fprecipitate withN" atoms At

a given concentrationin stage | thesystem decomposes indoand 6 phasesvith the
samechemical potential (free energy devatives),as illustrated irError! Reference

source not found, therefore the correspondirmgand 6 phases haveoncentratios c'
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and c", respectively.Consideringmass conservationthe number of atoms i

precipitats N" is calculated as
c-c
c-c"

N"=

N (341
where N=N'+N" and N' is the number of atoms ithe a phase. Thereforghe

excess free energy frothecurved interface at, DF, (c), can be expressed as

N' N"
DFS (C) = FEQC(C) -FXCD:I)W Fx-c(dgw (3_42)
In practice, the Monte Carlo simulation the VC-SGC ensembléollows the

standard metropolis algorithm to evaluate the average concent(ai)tg/n under the

constrained potentiaDU, . The MC trial step is performeak

(1) Select a random particle;
(2) Flip the type of theparticle: A B or B- A,

(3) Calculate the concentration change after the flippibg, and the energy
difference asDE + k[ NDc+7 / 2k]?;

(4) The acceptance probability of this trial is

2

_ & DE+kNDc+f/ 2P H
P=min] Lexpg
5 kT

(3-43).
i

R

Generate a random numbaebetween 0 and 1. Accept the triabkP, otherwise

reject it.
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4 Simulation

This sectionntroduceghe details of implementing the Monte Carlo approach and
Forward Flux Samplingnethod in the study of nucleation kinetics in diluteGie
alloys. In the evaluation othe nucleation free energy, the procedures of Umbrella
Sampling are listed, along with éhdetails of the nelyw proposed Reweighted Partial
Path methodThis sectionalso illustrate the computation othe coherenta-Fe/Cu

interfacial energy using théC-SGC ensemble method.

41 Monte Carl e sinmuCdtud teh dyes

The nucleation dynamics simulation for Cu precipitation in dilute bcc Fe alloys is
performed with the Rigid Lattice Monte Carlo (LMC) scheme implemented in the
software MatCald31]. A bcc lattice of 3930 30 unit cells is used with periodic
boundary conditiom Forward Fux Samplingio calculate nucleation ratéEhe system
energyE is described using a Local Chemical Environment (LCE) potential and the
atomic diffusion is simulated through the vacancy exchange mechanism.

In the LMC framework, the acceptance probabiiiya vacancy exchange with a
nearest neighbor atom is given by

P=epe ¢ (4-1)

¢ keT=
whereDE representshe total energy difference between the initial state and the state
after the exchange eventDE< 0,P = 1.

In this work, the LMC simulationare usedo study the nucleation process in Fe

1%Cu and F&.5%Cu alloys at temperatures from 450~600
411At dndi ffusi on

Atomic diffusivity of Fe and Cu atoms in the rigid lattice described by the

vacancy exchange mechanijsmhere atomsanonly exchangeheirsitewith avacancy
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in the nearest neighbposition Thereal time is coupled to a Monte Castep (MCS)

by defining the average time increment correspontiirame vacancy jumB2] as

2
Dt = a"Xvamc ck (4-2)
6DA

wherea is the nearest neighbor distance in-bec(2.468v), Da is the macroscopic
diffusion coefficient of the jumping atom A in bée&,xvanmc is the vacancy site fraction
in the simulation box and#l is a correction fothe diffusion correlation effect in the
vacancy exchange mechanism (0.727 for bcc latf83]). In the presentMC
simulations,exactly one vacancy is placed in the33®® 30 bcc lattice, hence the
vacancy site fractiorvamc=1/54000Here,the tracer diffusion coefficient (e.Bcy, is
1.5m2-s1[34], andDreis 7.4mz-s1 [35] in bcc_Fe at 500C ) is usedto coupe the

MC step with real time.

412Loc al Chemi capotEanvwti rahmehbCE)

The LMC steps are governed by an atomic interaction energy formulated in the
Local Chemical Environment (LCE) framework expressed in reference to a particular
center atonf32]. The energy of the system is calculated as the sum of aivysasr

bond energies extending from each atom up to the second nearest neighbors,

M€ (4-3)

Qo

a

N~

i=1

where n{} and €} are the number of AB bonds and the corresponding bond energy
in the “@h nearest neighbor shelg)) = ¢, &Y + c,&Y’, wherec, and ¢; are the

atomic fractions of A and B in the local environment agtf’ (€’) is the AB bond

energy in a pure A and B environment, respectivEie bond energy dhei-th nearest

neighbor shell, e).., is approximately dependent o&l)..as &) =(r /1) 2,

where r,and r,are the first and-th nearest neighbor distances, respectivéhle

summation includes all the possible combimiasi of bonds for A and B, representing
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the atomic species Cu and Fe, as well as Va, representing the substitutional vacancy.
The LCE potential is a very flexible and robust energy model, whose parameters can
be calibrated with various methodologies, sushegaperimental measurements, first

principle calculations, or thermodynamic assessment. The details of this potential can

be found inRef. [32].

Using this setting oE CE potential, the solubility limits of Cu in bdee (xZ-"°

and Fe in beCu (xX=“") are calculated from slattiffusion LMC simulationf36]. As

demonstrated ifigure4.1, the blocks opure Cu (red) and pure Fe (green) are initially
placed adjacent to each othéfrhen the LMC simulation starts to run until
equilibration.In the slakdiffusion simulations, 0% 20° 200 bcc lattice is used in LMC
and initially each pure block takep 20® 2(® 100 unit cellsn the manner illustrated in
Figure4.l. Firstly, 5000 MCsweesarecarried outo equilibrate the system, and then
another 5000 MC sweejisr the computation othe solubility limits.One MC sweep
equals toN Monte Carlo steps, withN denoting the total number of atoms in
simulationsThe concentration of Cixdu) at each layer is measuredathequilibrium
sweep andthe average okcu in the middle of each block ovel the equilibrium
sweepss used to determine the solubilitymits of Fein bcc_Cu andCu in bcc_Fe,

respectively.
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Fi gdlrllel ustration ofi pfosedor e§3.6Hli milthidaliloyn,s t he bl oc
Cu (red) and ppulraec eFde a(dg raeceem)tt tdedeC esictmu loa thieon $theamt s
until equilibratiomyg Tahe ecawcrhc d mtyreat iiosn noefas@u e(d at

areas in the middle of each blioméki CAmEcawBEed to det e

bc€Cy respectively.

Since the tracer diffusion coefficielstusedo couple the MC step with real time,

there is no need to additionally define interactions for atom and vacaneg)j.eand

) . areset to zero. The vacanscancy interaction is also neglected, because only

eVa

one vacancy is placed in the simulation sample.
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A cluster formed during simulain is recognized as a group of solute atoms
connected with each other within the nearest neighbor distance. The size of a cluster is
defined as the total number of solute atoms on this nepaesrkhown ifrigure4.2 (a).

Clearly, the smallest cluster is a dimer (two Cu atoms next to each other within the
nearest neighbor distance), and a Cu atom without any other Cu atom in its nearest
neighbor shell is regarded as a solute atom in the matrix. This cluster detection
recoquizes all the clusters formed during nucleation including both, unstable pre
critical as well as stable pestitical ones, to provide a sound evaluation of the cluster
size distribution.

In the present work, the order parameter describing the nucleabicesp is taken
as the size of the largest cluster/precipitate in the simulation box. In classical theories,
since nucleation is assumed to happen independently among clusters, the dynamic
description of a singleluster nucleation is used to representrtheleation process of

the whole system on an average b§3#@. Therefore, the cluster size CNT only

refers to individual precipitates, which

in the Monte Carlo simulatios) one camobserve several of precipitates with different
sizes simultaneously forming and dissolving in the matrix. Usiagitte of the largest
clusters as order parameter represents a simple but efficient way to characterize the

nucleation stage in atomic simulations.
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(a) (b)

)o@ @ @cCu

r

Figure4.2 (a) A 2-D illustration for cluster detectiod a cluster is recognized as a group of Cu atoms
(red spheres) connected within the nearest neighbor distance. (b) The nucleation free energy as a function
of the size of the largest cluster in the system déd@scwith the CNT free energy (solid curve) except

from the random distribution region (dashed curve).

The setting of interfaces for FFS is also important to the evaluation of nucleation
rates As illustrated inFigure4.2(b), the formation of the largest cluster (dashed circle)
is accompanied by the clustering of many other smaller nuclei. Before reaching
supercritical size, all these clusters are highly unstable. For each supersaturated case,
FFS trajectories start from a radly distributed state and end when the system has
either formed a large and stable cluster or returns back to random state. A sound
sampling of possible transition states relies on the set of properly defined interfaces,
especially the first and last onesghich denote the boundaries of the random state and
postcritical state, respectively. Due to natural statistical fluctuations of the system in
the random state, the free energy as a function of the size of the largest cluster has a
local minimum in theregion of small clusters, as illustrated by the dashed curve in
Figure4.2(b). Therefore, it is important to choose the value€ ofo be slightly larger
than the local minimum to ensure that all transitions are starting from a stable or, at
least, metastable phase. The last interface should beasize, which ikarge enough
to make sure that the stable cluster will not return to the initial statetba nucleation

event is completed.he details of interface setting/i}, in FFS are listed iTable4-1.
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Tabd4dldhe setting off FBBWGGRtaelrdsafeu Folrl caylsl. t he sampli
/oi' s sel/t=/1t 0 be

Fe-1%Cu Fe-1.5%Cu
TCl /1] /2 /i TC| /1] /2 /i
450 | 5 10 {15+53 (i-3)}i=34 500 | 7 | 10 {15+53 (i-3)}i=3.4
500 | 5| 7 | {10+5%(i-3)}i=3,4, @,| 550 7 | 10 {15+58 (i-3)}i=3,4,5
550 | 5| 7 | {10+53(i-3)}i=3,4 e,| 600 7 |10 {10+53(i-3)}i=3, 4,
600 | 5| 7 | {10+53(i-3)}i=3,4 @4 | 650 | 7 | 10 {10+53(i-3)}i=3, 4,

422FFpBrocedur es

For a single nucleation event, the random (initial) state without large clusters is
treated as reactant (state A) and the qdsital state, where sufficiently large and
stable clusters have formed, is treated as product (state B). Generally, whetheising
largest cluster siza as order parametef(x)=n, the nucleation trajectory is a time
dependent function of cluster size &($). In simulations, a trajectory is stored by
recording the size of largest clustdter every MC sweepThe forward crossim of a
given interface i at timet is identifiedwhenn(t) > /i andn(t-Dt) ¢ /i. Here,Dt is the
time durance of@MC sweepwhile the backward crossing is definedrg§ /Gand
n(t-Dt) > /..

The interfaces {i}i= 0 & are a group of increasing values acting as milestones to
determine the time to store the configurations in which the largest clusternfiest
reaches or exceeds a given sizeThe reaction rate coefficient for a nucleation event
expressed bgquatiori3-30) can be considered as the frequency of forming one stable
large cluster from the random solution, which is treated as a product of the frequency

with whichthe largest cluster in the systetemps to grow over the small size &b,
i.e. the initial flux F o, and the conditional probability of a cluster in siz¢o grow

to a large postritical cluster (>/m) beforedissolving, i.e. the crossing probability
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Rl
P(/w|/0)=QP(/ia|/i). Therefore, Mas is equivalent to the average time that the
i=0

system needs to form one stable pottical precipitate from the random state.
Accordingly, denoting the volume of the MC simidat box byV, the nucleation rate

is calculated aR20]

J=kas/V (4-9).

In this work, the direct FFS algorithismiimplementedo investigate the nucleation
trajectories irthe FeCu system, which proceeds as follows:
(1) Calculaton of the initial flux Fap.

The MC simulation starts from the metastable state with randomly mixed Fe and
Cu atomsThe trajectory of this simulation is recedlat every MC sweep. Once the
trajectory forwardly crosses the first interfabe(/ 0=/1), the confgurationis stored

and the simulation continues When Na,0=1000 configurationsare obtained the
. . e . F =N C MC
simulation stops antheinitial flux is calculated ast-,, =N,/ Uy , where Dt

is the total time the trajectory spends in/@], In some cases, when the simulation has
gone to the final stable state befbleo configurations are accumulated, one can restart
the simulation from the metastable random state and continue countifmyvitaed

crossing until obtainingla,o configurations.

(2) Evaluation of P(/.,,| /).

0] Randomly pick up a configuration from the set\afo configurations gathered
in step (1) and run MC simulation from this configuratidbhe simulation stops

when it forwardly crosses the next interfaceor when it backward crosses
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interface/ 1. In the former case, the configuration as the simulation/hits
storedand courgdas a successful trail from to /2.

(i) Repeat the step (i)until N1=640 successfultrajectoriesfrom /1 to /2 are

obtained. The conditional crossing probability(/,| {) is computed as

P(/,| {)=N,/M,, whereMt is the total number of trails running frofa.
(i)  Following the manner of step(i) and (ii), it is continuel to sample the
successful trails fromi to /i+1 with the starting configurations obtained in the

successful trailfom /i-1to /i. The conditional crossing probability(/ ., | /)
is computed asP(/,,,| /)=N/M , whereMi is the total number of trails

startingfrom /..

(iv)  Repeat step (iii) until finishg the sampling fromd m1 to /m. Then the reaction

<1
constant is calculated ak,; = F,O P(/...] /).
-

43Nucl eation free energy evaluat

43.1Umbr eSamp |l i ng

In the UmbrellaSampling simulationsthe size of largest clusteris choseras

simulation coordinate, or order parameter, and a set of windows is defined for the
sampling with the bias energy given hy. =§(n -ﬁ)z, wheren, is the restrained
value of tha-th simulationandkis a spring constanin the presentmbrellaSampling,
a set of windows is defined with restrained valuesmf{ ={ 3, 5, 7, e 6
spring constat of A = 37.5meV/atomfor all the samplings.

Thereforethere are32 simulations to perform in ddmbrellaSamplingrun. In

eachi-th simulation, the standard MC procedure is employed as described in section

4.1, except thattte size of the largest clusteis tracked for everiC step The energy

difference for each MC step is calculated @8 = B 4J,, where DE . is the
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energy differencetemmingrom the LCE potentialonly and DU, is the difference in

umbrella potential after the trial steprs every simulation10000 MC sweepare firstly
runfor equilibration,and therthe value oh is recorded every iteration {60000 MC

sweepsto compute the histograrhist(n). For the purpse of demonstration, the

histograms obtained in window simulations with=5, 11, 15 and 21 are displayed in

Figure4.3.
25000
\an n=5
n=11
200007 N n=15
. aa n=21

150001

0- Z ﬁ\@jﬁ &%& %&_

0O 2 4 8 10 12 14 16 18 20 22 24 26 28
n

hist(n, n)
0
Y,
4
45|
8

Fi g#43Tehe hi stmoigr aimise esfmpl i ng wi t h q;;fi(inaﬁye\/\ditmotential
2

k=37.5 mmw/flectbam 11, 15, 21, respectively. The curves
After finishing all the 32 simulations and obtaining all the histograms

{hist(n)}i= 1 ¢ 3 bne canuse the WHAM (Weighted Histogram Analysis Method)

algorithm[27,38]to evaluate thenbiasedrobability distributions (n) as
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M (n)

7= a N, fG(n

(4-5)

where M(n) is the accumulated number ofsized particles combining all the

histogramsandNi is the total number of samples in ikt windowsimulation. In this

65
work, Ni = 50000.In WHAM, r (n) andfi, where f, =1/ § ¢ (n)r (n), are iteratively

n=3
solved.First, one needs to makerough gussfor {r (n)}n=3 ¢ 6 which is denoted as

65
rodn). Thenfif or i =1é32 arfel ga(neYnavhierargatsin

n=3

equation(4-5) to compute a new set of(n), denoted asr ""(n) . Assign r""(n) to

r®(n) and repeat the procedure until errors betweeti“(n) and r°(n) are

acceptablethen the seltonsistent solution tequation(4-5) is achieved

It is emphasizedhatr (n), solved by WHAM, denotes the equilibrium probability
of finding the systenn a statewith size of the largest clustequalto n, which is clearly
different from the equilibrium probabilityf,(n), defined on a single cluster model in
classical theories\Neverthelessr (n) andf (n) will overlapfor largen, when only one
cluster of thasize is observed in thémbrellaSampling simulation§39]. Accordingly,

the CNT-type/singlecluster free energypG(n), can be calculated as

fé- In f (n) N ¢ Npacn
DG(n)/ keT =1 (4-6).
f-Inr(n)+C N> Npach
NpatchiS the point where the two free energy curves are patched upismaeh adjustable
coefficient to make the free energy continuous at the patching point. For small values
of n, nO npatch the probability f (n) approximately equals to thstationary size

distribution established whearucleationtakes placg40], which is calculatedlirectly

in a conventionalor bruteforce,MC simulationwithout bias potential
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In the present thesig novel Reweighted Partial PaffRPP)method to compute
free energy profileslirectly using the trajectories obtained kFS simulationss
developed and implemented’his method is very efficient, ando additional
calculations such asreverseFFSor Umbrella Samplingare requiredThis newRPP
method is inspired by the Partidhth Transitiorinterface Sampling (PPTIShethod
introduced by Moronet al. [41,42] For diffusive processes, free energy profiles can
be easily determineith PPTIStogether with the rate constant withdlié requirement
of additional calculations. The basic concept of PPTIS is very similar to other TIS
methods, except that PPTIS utilizesiamorylossassumption to extrapolate the leng
range effective crossing flux from local partial path ensembles. m@moryloss
assumption acts as a medium to connect the properties efdogg transition paths
with the partial paths on every interface. Bearing this idea in mind, once a system obeys
thememorylossassumption, it is theoretically possible to use transpaths, sampled
by a standard TIS algorithm (without sampling the reverse transition), to reconstruct
the partial path ensembles and hence to evaluate free energy profiles. However, due to
the unique sampling strategy of PPTIS, its free energy evaluagjoritaim, called the
loop-boundarymethod, cannot be directly implemented within other TIS approaches.
Therefore, anovel approach- Reweighted Partial Path (RPP) methegbroposed in
this work so that one catetermine free energy profiles using thegc#pry information
from a single TI&FScalculation.

For an ergodic system, the equilibrium distribution is also preserved in trajectory
space such that the equilibrium average of an obsergéblean be calculated as an

average over trajectories,

t
(90) =P XP () _ § 9x,) 47).
In the derivations that folloythe weighted average for an observajjlg is used,
and a weight functiom(x) is defined as(g(x)) = % :
X
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For a system evolving diffusively with highiction character, it is reasonable to
assume that the memory of trajectories is lost @eenetime and distance in phase
space along thé-axis. If the transition interfaces,/{}i= 1 &-1, between state& and B
are properly set such that the memory of trajectories only persists between adjacent
interfaces, the average of an observalfie), when the trajectories cross interface
coming from a faraway interfacagpproximately equals the average over thedtaries

coming from the adjacent interfapl],

(9), »{9tx)), (4-8)

i,itg +
whereq is a given integer. As a matter of fact, the exact expression of memory loss
: . : 1

defined in PPTIBI1] is <g(xt)>fi y »<g(xt)>fi % where fi,j(xt)_llj!_rg)ayi,j(xt)
equals lhe velocity of crossing interfaget timet in a trajectory coming directly from
j before recrossing In practiceDt is given as a small but fixed time step in simulation
instead of carrying out the limibt- 0, and hencehe definiton of memory loss in
PPTIS is equivalent to that expressecehyation(4-8).

Since the memory loss should be also obeyed for paths coming from the same

stable stateequation(4-8) can beextended as
To0), °(at)),
(9(x)), e (90x)),, "

where <g(x )> = <hA & )(X)g(xt)yiv“q >/<hA K )(X)> _<g(xt)yivi°q >A(B)
Y ijoqlA® <hAB )(x)yi’ioq >/<hA X )(X)> <yij q>A(B)

<...>A(B) is an averaging over the paths coming from one of the stagilens A(B)and

(4-9)

—_—) —

. Here,

ending in either A or BSince <g(xt)>y”_°1 =M/;\’°1<9(Xt)>xl pa W H{ax)) X B

where W,;'g;)12<hAB)(x)yi,ioq>/< Kq> and w)/t+ T 4, combined with

equation(4-8) and(4-9), one can easily get the relation
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<g(Xt)>-yi,i°1 © <g(xt)>J|/|, <1|A 0< g(xt)> |J|/, ]i’B (4-10)
Equation(4-10) indicates that average properties observed in trajectories, which
crossi from i°1 in paths coming fronA, are approximately equal to the averages

observed in paths coming fron

i from j and which will continue to reach interfaoebeforel, is expressed using the

crossing functions as

Sl el .

In PPTIS[41], the oneinterface crossing probabilities are deflneqba% P('+1 D

-0 p(t ') and pi10 P!

i-1|i+1

Il) prt P ). According to the memory loss

assumption, <ﬁ1j,|(xt)>y ° (R, (Xt)> G (Xt)> . Hence, the one

i+l

interface crossing probability can be rewritten as

) YY) (Ve
W) (s () (Y i

o<Yi¢>A(B) + <Y+> <0i>A(B)
V) e T lH (g

where <YiQ> with Q =°,F, 2 is a short notation for <Yi> <Y'+1' 1>,

(YD) =(Yim) (YH)=(vimm) and (v7) =( ¥4 Y).

In unbiased ensembles, the transition paths originate from AawirB, and end

(4-12

in A or B after visiting the transition regioif. a trajectory reaches interfackomi-1,
it will continue to cross the adjacent interfacesl(ori-1) until it leaves the transition
region and reache& or B. Considering the continuity ofdjectories, the average

crossing of fromi-1, <y > (seeFigure4.4(a)) equals the average effective crossing

ii-1
of i-1 from bothi andi-2, e.g. <yiyi_1>=<Yf_l>+<Yi¢_1>. Similarly, the effective

crossing of interfacel fromi also obeys the continuity relation as illustrate&igure
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4.4(b), so that (y,_,,)=( ¥) & Y. Bearing in mind thatly, ;) =( Y.) <r ii\@

and (y,, ,)=( Y) ¢ ., the continuity relation can be written as

#YL) (R £ ()

Yo Ys) €7 ()

Whendenoing J=( Y,) ¢ [Y) (=)Y( ), according tequation(4-12),

(4-13).

equation(4-13) can be rewritten as

=)

:DO

e |5< Y.) 0 (4-14).

@ W ®) RN S ¢

S e w |17

Ai2 Al Ai Airl Ai2 Ai-1 Ai Ait1
Figda«ld |l ustration of the continuity rifed @i oaand or ( a’

(b) the effectiwe fcromsing of interface

The continuity relation should also be obeyed by the trajectories exclusively

coming from state AB) and ending in either A or B, as

=~
(@)
w

1. .° | ) ]
p—I:<Yi>A(B) #( Ve Fne OWith 3o =(Y).  { V.. Now, Iet

only consider the trajectories coming from st&eand ending in either A or B.

According to the boundary condition%,Yf,,_OA =0, the relation between the effective

crossing (Y?) and (Y ?) is derived by solvingquatior4-14) for every interface
< 1 |
A

(seeAppendix B),
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<Y-J?>A :Ui+1 <OI ?<Y|>A :h <O|>( 3+

o
Yip o R o B,

(4-15)

where U, :P(mio):l- P(g”“o) and J, =<Y§>A (l- Ul). Ui denotes the decaying
probability from interface in the transition fromA to B, which corresponds to the
probability that a trajectory, coming frof, returns toA before reachind after it
crossed interface Equation(4-15) indicates that, under the memory loss assumption,

the average effective crossing of interfacérom adjacent interfaces<YiQ>, is
connected with weighted average in the paths comingASrprleiQ>A , by the decaying
probability in transitiorA to B. Similar relations betweer{YiQ>Band <YiQ> can also
be derived with boundary conditior‘<st>B =0, by solving the equatio(d-14) for

every interface.

When a trajectory effectivelgrossethe interfaca fromi-1 ori+1, a partial path
is recognized as the continuous path segment remaining beivieandi+1. For
example, inFigure4.5(b), when the trajectory crossed at pointb coming fromi-2

and leaves the interface region by crossiagpointe, it is considered as an effective

crossing ofi-1 represented ay |, (0) =1. The path segment from eis recognized

as a partial path onl with the crossing type denoted hy. As illustrated inFigure

4.5(a), there are four types of partial paths on interfackenoted byQ =T, ,%,

with each one corresponding to an effective crossing of inteifate unbiased
ensembles, partial paths can be generated by breaking up the trajectorigatin
segments based on the effective crossing of every interface. Accordingly, one partial

path is coupled with one effective crossing, hence the unbiased number density of

partial paths on interfagavith typeQ is equal to the average effective crossi<ﬂj |Q>

in trajectory space. For the partial paths generated from trajectories exclusively coming

from A (B), the number density of partial pathsiaquals <YiQ>

AB)
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Fi g45(ea) Four types of partial pat hs coirrddpomdi ng
trajectory eff ecitli vaenldyatchrgpmsisretss ilmtamd aeeg respecti ve
definition, the iplaritsi alh epeastalp dgeenrhecragptaea d iiicel hdpat h gene
(c) A partiali spadtihviodne d nitnetrof atcher ee parst)s:antdw@a Wb @owmd ¢
segment (dashed | ine). (d) /ilanddi sosmhdaey pygtipaseédgmer
i nt esi-f ag.redTo avoid dathel éicdwmitifethges)ft he phase point s
falli/ageonreawvedi asdbbiynthe pilr tainadl tphaet hlso oopn oifn tpearrf
onn This is equivalent taéeluanadgthbepthobpalbdppatne i ah

hi stogram of

Similar to theloop-boundarymethod[42] in PPTIS, the partial paths anare
divided into three parts: two boundary segments and a loop part (illustrefegline
4.5(c)). The loop part is defined as the segment betwedirsherossing point and the
last crossing point of the middle interface marked by the dashed IFigure4.5(c).

The boundary parts are definedlas segments from the path boundary point to the last

and first crossing point of interfacemarked by the solid lines FFigure4.5(c). When
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a trajecbry consecutivelgrosss two adjacent interfaces, there is an overlapping part
between the partial paths generated by the trajectory on the two interfaces. For instance,
the path segmer- e is shared by partial pattess e andd- h, when the trajectory
crosss interfacei-1 andi in a row. In the meantimald- e is a boundary segment
between interfacel andi for partial path@- eandd- h. Therefore, to avoid double
counting, the histogram of phase points from a trajectory in d ®indl/ -d/ , / + d/ ]

with /1 (/i1 /i) (seeFigure4.5(d)) can be calculated by the histogram from partial
paths on interfacel combined with the histogram 6fin the loop part of partial paths

on interfaca as

(a( x)- ) (RO A+ 9T (416

=%F s

o N

Q . . . .
where R 1(/ ) is the average histogram bfin the partial path of typ® on interface

: Q . . .
i-1, and L*(/) is the average histogram bfrom the loop on the partial path of type

Q on interfacd. This is equivalent to calculating the histograny dfom the partial

paths on i and the loop of partial paths oni-1, as
(@ )- W =8 { %LU [+ ¢ ).
Q= =

When a trajectory effectivelgrosssinterfacei at phase point, the histogram of

/ in the partial path is calculated &3(/) = ffgé at' a’(/(xt,)- /), where Dt(; and

b
Q
Dtg are the times when the trajectory first crosses interfate(-1) forward and

. . _ + .
backward fromx:, respectively. ForQ in +,¥,=and 4, (Dt(;,D[g)IS taken as

(uf

i+1?

Dti‘t_’l),(Dt.f Dt” ),(Dtifl,th_’l)and (Dt.f Dt° ) , respectivelyAccordingly, the

i-17 i+ i+17 i+
average density of/ in the partial path Q having crossedi is defined as

RQ(/):<riQ(/ )> . Similarly, the density of in the loop part (illustrated as dashed

ve

line in Figure 4.5 (c)) of partial patl having crossed can alsobe calculated as
LR()=(12())

characteristic functiorj42], whereli(xt)&1 if xt ds on the loop of the partial path,

Cwith 19(/)= Ao de o/ (x)- 1),(x,) . Here, ixy is a

Y@
i
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otherwiseli(xt )&=0. According to the memory loss assumptitz{rlr,‘?> . »<r.Q> o
A ' IYRA®)

and <|iQ>Y.o » <|_Q>YQ|A(B), therefore

LR N (10

(d( x)- ), =
Q=% ¥ _
°a (W), PRI Y L20) -

Q=7 =

+9

Combining egs. (12), (13nd (M), the equilibrium histogram of is written as
/(x,)- /)>A -C.(/)J,

<d(/ (x,)- /)> = <d( i Xh,) (4-18)

+
o=

where C(/)=P( } %P( Y g L) Ip() PEC) ﬂﬁﬁ( ). In

equation(4-18), <a’(/ (x,)- /)> is the unbiased histogram bin the ensemble with
A
paths coming from A and ending either in A or B. This path ensemble can be obtained
in a single TIS calculation fdhe transition A B by assigning an unbiased path weight
P (x") to each TIS trajectoryx’, using a reweighting strategy, e.g. the reweighted

path ensemble methdd3]. The partial paths on each interface can be generated by

breaking up TIS tractories based on the type of effective crossiit average of

. . . . - T Qfy!
effective crossingsis determined as<1P?>A =2TA(X )’ (x") , where n=(x’)
describes how many times the trajectoxy effectively crosses interfadewith type

Q. With the memory loss assumptiorp‘Q, RQ and LiQ can also be evaluat@da single
TIS calculation for transition A B, and hence one can obtain the equilibrium

histogram of/, i.e. <d(/ (x,)- /)> by equation(4-18).

In PPTIS, the partial paths are sampled from every transition interface in an
unbiased mannér the trajectories are shot from the phase points on intarfaceard

and backward until thelyit the adjacent interfadel ori+1. The averaged histogram
RQ and LiQ can be directly measured from the partial path gathered on interface
When calculatinghe equilibrium histogram of, <0’(/(xt)- /)> using theloop-

boundarymethod, the average weights of partial paths on adjacent interfaces, e.g.
47



<Yfl> and <YiQ> in equation(4-16), are reweighted according to the histogram of

the commonly shared boundary path segment between interfaces. Therefore, in PPTIS,

there is no need to derive the relation <o‘f’iQ> and <YiQ> in the calculation of
A(B)

theequilibrium histogram of . However, due to the unique sampling strategy in PPTIS,

this loop-boundarymethod cannot be directly used in a general TIS calculation. For

a TIS singldransition, i.e. A B or B- A, one can evaluate the average histogra’ﬁ]

Q . . . . .
and |_I from partial paths generated by breaking up TIS trajectories, but the weights

(or the effective crossing) of partial paths on each intertare <YiQ> instead of
A(B)

<YiQ>. To evaluate the equilibrium histogram/qfin the RPP method, the relation of
<YiQ> and <YiQ> ( )(see egation4-15)) is derivedto implement thdoop-boundary
A(B

method in the general TIS calculation for a single transition (sgestieq4-18)).

To the transition&nown to be diffusive, both PPTIS and TIS+R&4? be usetb
simultaneously evaluate the transition rate constant and energy prddiléo a
transition, whichis not certainto bediffusive, one can firstlo TIS to calculatethe
reactionrateconstantand theruse RPP to reconstruct the energy profile and validate
the memory loss assumption afterwarfighe validation is failed, i.eRPP resulis not
reliablg one carstill do a reverse TIS or Umbrelampling simulatiorio re-evaluate
the energyprofile. Since RPP des not require additional sampling, the computation
cost fortheenergy profile isiegligible

Now let us consider an extreme case where the phase space is projected on a
discrete order parametér, eachi representing a state. The transition consists of the
systens consecutive jumps from one state to another adjacent state. If complete

memory losss assumed, i.e. the frequency of jumping from stedé°® 1 only depends
on statei, then p” = g and piI = pii. Still considering {i} as transition interfaces,
there is only one phase poit as/(x))= /i, on each partial path on interfage.e.
Q(/ \— . . . .
P=(/.)=d/(x,),/.). This phase point can be categorized to either boundary segment

or loop segment of the partial path, whike both casesCi(/i) equals to 0. Therefore,
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in the complete memory loss assumptiequation4-18) can be rewritten as
<a’(/(xt)- /i)>:<d(/(xt)- /i)> /Ui . A similar model for the complete memdoss
A

assumptioncan be found in the woskof White [44] and Kashchiev [40] for
homogeneous nucleation through ramdattachment and detachment of monomers.
Here, the same conclusion is reached, namely that the equilibrium number density of
clusters of sizeé equals its stationary number density in a nucleation reaction divided
by the decaying probability of cluster$ size i dissolving to monomers instead of

growing into a postritical cluster.

441 nterfaci al eine r\Mg@SE Ceanl sceunhbaltel o n

In the VarianceConstrained SerfsrandCanonical (VESGC) ensemble a

simulation box with 1810°10 bcc unit cells, i.eN=2000 atomsis used The free
energy derivative{[F_/fc is evaluated according emuation(3-38) with AN = 10eV
per atom, and Tfrom -0.1 to 1.1 by intervalDc =0.005.Herg c refers to the total
concentration of Catomsin the system. At eaclt, the mean concentration of Cu,

<C>V, is computed by averaging the total concentration of Cu over 20,000 MC sweeps.

The free energy deriva®in thebcc FeCu system at 60C is plotted inFigure

4.6(a). The curve of N"'uF./ p reveals5 forms ofconfigurations withco-existing

bcc Cu and bcc Fghass, where thespherelike Cu precipitation stage is marked by
the yellowshadow inFigure4.6 from aroundc = 0.03 to 0.13. The other 4 forms of
phase separation are Cylinderedpillar in Fe matrix ¢ = 0.2 to 0.3), Cu/Fe slabs £
0.36 to 0.64), Fe cylindered pillar in Cu matrx£ 0.7 to 0.8) andgpherelike Fe
precipitate in Cu matrixc(= 0.84 to 0.95). The singlehaseregionswith Cu solution

in Fe and Fe solution in Cu appeacat0 to 0.02 ana@ = 0.98 to 1, respectively.
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Fi g46Tke -§SGC cal clul a¢ edenrdimngaitdiekda pss free energy as a
Cu cont feel tiThign s mal | frame in (b) iimst ddirdnedfimegergmer g\

derivative plotchhadisényé¢lalowml smhgdde hien epédeyi patture

preci pi tlant e(w)ewlnﬁn/.QM)n,M'lDFxcare measured in eV/atom.

By integratingthe energyderivative fF_/c along the concentratiovariable

one carobtainthe canonical free enerdyc as displayed in the small frame leifyure
4.6(b). The bce CiFe system is slightlgsymmetricgland the solubility limit of Cu in
bcc_Fe is around 2% at 600C. The common tangent line ftre free energy Fc, is
marked by thelashedine in Figure4.6(b) Thechemical potentialsreu and e, in the
thermodynamic limit can be measuractordingly As mentioned the yellow shadow
marked area is the Cu precipitation regiasmereonly one spherical Cu precipitate
formed andmmersed intie dilute bcd-e matrix At a given concentratigi, as shown
in Figure4.6(a), the system decomposes into a Cu precipitate with concentcaaoa
bcc Fe parent phase with concentrabrAt both, 500 and 60CC, the concentration

of Cu precipitatdormed in the shadowed area is almost 1, i.e. pure Cu precipitate
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c'?1, and the corresponding excess free energyrdtis close to 0In the meantime,
the concentration of bcc Fe phase in the sphiegeorecipitate regiorg', is descending
from 0.33% t0 0.16%at 500C andfrom 0.78% to 0.44%at 600 C (seeFigure4.7),

with the total concentratigme, increasingSincec"® 1 andc">>c', the number of atoms

in the Cu precipitateN", can beapproximatelycalculated asN" =(c -¢) N, whereN
Is the total number of atoms in the systdinerefore, the excess free energy fribra

curved interfaceDFs, can also be expressed &, (c) = B.(c) (x c -c) +F (@,

based on equatiq3-42).

0.00 f

1 1 L 1 1

-0. 05 L= L
0. 00 0.02 0. 04 0. 06 0. 08 0. 10 0.12 0. 14
e

0. 15 — T T T T T T

0.02 0.04 0. 06 0.08 0.10 0.12 0. 14

Fi ga7iTdhhe free ener gyrideh i viad@Guvieny sricednFeat F & aC)b )5 0600 0
The shadow marn ke tohecs phermaeae regCwnnual eiacwi ph calio e

to 300 atoms areFéencenguainbngumawi 6h33~0.16%Cu and

and_CB,OOresplmct(iav)el\ki;lful_@/(pbi)s, measured in eV/atom.

Using the spherical assumptidhe surface areia theprecipitation stage can be

approximatelyexpressedas S= Arf® =4 N ¢ -C))%. Here, n is the number of

atoms inthe Cu precipitate, i.en=N". A is the geometry factor of a sphere,
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A= (3(30V02 )]/3, whereVo asthe unit volume of an atom dilute a-Fe Therefore, the

curved interfacial energy atthe spherdike precipitate regionis calculated as

0. = DF,(c)
PP A(N(c- ©))**

. G.onis measured in the shadowed precipitation regairb00

and 600C, as shown ifrigure4.7, where Cu precipitates contain about 60 to 300 atoms

at both temperatures
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5 Results

In this sectionthe nucleation kinetics of coherent Cu patrticles in diluteCte
alloys is analyzed based on the results fritante Carlo simulatiomand enhanced
samplings Firstly, the Local Chemical Environme(ltCE) potential is assessed and
validated with the thermodynamdatabaseThen the nucleation free energy far
single clustems a function of its sizis reconstructed from Umbrella SampliigS).

A fast evaluation othe energy profile bythe Reweighted Partial Path (RPP) method
with the trajectories from ForwarFlux Sampling (FFS) is also demonstrated and
compared with the results from USh& nucleation rate of Cu precipitates in the
primary stageis calculated from FFS simulatioas$ various temperatureddditional
nucleation quantities, such as #temic attachment frequency and the Zeldovich factor,
are also evaluated and compared with prediction€lagsical Nucleation Theory
(CNT). The configurations with the largest clusters in critical sdze collected from
FES and USo perform the analysisf size, shape and concentration profiles as the
major properties of critical clusterdsinally, the a-Fe/Cu interfacial energy in
nucleation is evaluated from the nucleation free energyhadarianceConstrained

SemiGrandCanonical (VESGC) ensemblemethod.

51Assessne@tpofenti al

For a binary system, i,ethe FeCu system in this workthe two independent

parameters ithe Local Chemical EnvironmentCE) potentials are the first neighbor

bond energiese'? and €Y, which indicate the energy difie Cu-Fe bond in the

pure Cu and pure Fe environment, respectivebnsidering the dilute solubility limits

bcc_Fe bcc_Cu

of Cu in bcc_Fe (Cu ) and Fe in bcc_Cu>i?e ), one can assume that
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(
Fe- Cu

Xll:) _ eXp& Cu- Fe
(5-1)

where DE., ., (DE., ) is the energy difference to flip the type of atom to Cu (Fe)

in purebcc iron (cooper)Analogically to the definition of local bond energytime
LCE potential, the two energy differences can be written as

2 Mpcc_Fe Cu(1) bcc_Fe Fe(l
eDEFe Cu Cu eCuFe WFe %uFe

S

I cc_Cu_ Cu(l) bcc_Cu fe(l
TDEcy re :V\}Z:u_ €cure Wre™ E}chF (5-2)
where W2EE= is the average weight of local composition around the Cu(Fe) atom

in bcc_Fe(bcc_Cu)n dilute cases, the local chemical environment of Cu in bcc_Fe is

reciprocally similar to that of Fe in bcc_Cu. Therefore, it is reasonabkstorethat
W't:JZC_Feo WgSC_C an dvg(;c_Feo WFZCC_C (5_3)

Combining equationg5-1), (5-2) and (5-3), one can achieve simple linear

bcc_Fe bcc_Cu

dependencies betweedg:  , % }and {eX'?, &°®}as

BT (InogT=- In =€) =w(ecd -€i) @
P T(In e in x=9) =w (el ) &

CuFe uF

(5-4)

5]

where w'=wpe- w2 and W":2(\/\£°°—Cu -Ing‘:—cj. O'and O" account for

the small errors from the dilute assumptiddiferent pairs of 5/, W} are tried

uFe’

in the slabdiffusion LMC simulationsto evaluate the corresponding solubilities

bcc_Fe bcc_Cu

{XCu , Xee }, and the results are plottedkigure5.1. At each temperature, evident
linear dependencies are exhibited betwdan - In x> and e:¥- &©

bcc_Ci

In x2°-"+1n x2° and e&%+ &Y | from which one can achieve good fittings for

w', w', O'and O" (seeTable5-1).
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Fighoulllre t heli sifakionl akeisti fpyrof Cu in bcc_ Fe,
bcc_Fe bcc_Ci cu(d) _ &N In bce_| Fe + |n bcc Ci
( a) (XCU ) (XFe ) andeCuFe uFe b( I) and
Cu(l) @ cu(1) Fe (1)
Ccure * uFe Bo t ﬁC“Fe an §C“Fea re meameuM ed i n
Tab3ldhe fittetw', wi,,  Qas®@from th
pl ot Fedol e
T/ C 450 500 550 600 650 700
W'/kBT 0.0769 0.0712 0.0667 0.0631 0.06 0.0554
Ok T 0 0.0002 0 0 0 0
W"/kBT -0.1718 -0.1631 -0.153 -0.1482 -0.1403 -0.1363
O"/kBT 0.3304 0.5181 0.5047 0.8288 0.8321 1.1037

Based on the fitted parameters in equaff®#), the values ofeS\Y and e

are calculated using the real solubility limitéeu

assessmest Table 5-2 lists interaction energy of FEu on the first neighbor shell,

bce_Fe

and “Fe

bce_Cu

Fe(1)
CuFe

from CALPHAD
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e and e°?, at different temperatures from 450 ~ 740 For validation, these
CuFe CuFe

valuesare usedo evaluate the solubility limits in the shaliffusion simulations, which

give good agreement with tlBALPHAD as®ssment§28,31,32]

Fe(1) Cu(1)
Tabs2wal uereoafn §F used in this work and the correspo.

bcc_Fe bcc_Cu

in—FE)e:)%f ) and FCeuX'f‘(n)bcraaproduced by t hedilLfCf@&inspot ent i
LMC simulations [30]. Values of solup?28j Bayr,eB2mits f

|l isted for comparison

e egile) egj(Fl; LMC TD-assessment
meV  /mev  XoFat%  x“at% x>FPat%  x“at%
450 48.8 45.2 0.039 0.033 0.042 0.032
500 475 448 0.080 0.062 0.077 0.063
550 46.3 445 0.126 0.115 0.131 0.116
600 45,1 440 0.210 0.198 0.212 0.199
650 44,1 43.6 0.333 0.322 0.329 0.320
700 43.1 43.0 0.494 0.497 0.494 0.490

52Nucl eate®nenedugyal | oy s

521Eval uatUnmrselblya Sampl i ng

The free energy(n) for cluster formation inraFe-1%Cu alloy at 60%C (solid
curvein Figure5.2) is calculated by (n)=- keTInr(n), with r (n) obtained using

equation4-5) applied to th&JmbrellaSampling results. One can clearly observe a wide
and comparably flat free energy barrier with the critical size, corresponding to the top
of the barrier at arouna=38. The local minimum ab=5 comes from the fact that the
free energyF(n) is a function of thdargest clustersize, and due to the thermal

fluctuations in random statE(n) sharply increases asapproaches 0. The position of
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the local minimum depends ohet degree of supersaturation and the sizéneoMC
simulation box [39]. The bruteforce simulation is performed to evaluate the
equilibrium number density(n), for small clusters.In f(n) is depicted by the dashed
curve in Figure 5.2. According to guation (4-6), the CNFtype/singlecluster free
energyDG(n) is reconstructed by merging the two curves at the patching ipol
with the same gradient (illustrated thedotted line inFigure5.2). To avoid ambiguity,

the termnucleation free energyefers toDG(n) in this work.
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n

Fi gB2Free energy of oFd®¢Car afldromataitoné QrArCa lolba ai ned
Sampling (solid dwrvwe) samailfatromnbr(adiasadedr curee) endt
DG,i s obtained by patching=10 (tihreditcwaot ecdu rbvye st haet d ahseh

case. The dotted I|line represents the gradient of th

The nucleation free energy is systematically calculated for Fe_ 1%@u
Fe_1.5%Cu alloys in the temperature range from 450 to 650 °C. For Fe_FigQne (
5.3(a)), the critical cluster size* increases from around 10 &3 atomswhen the
temperature rises from 450 to 600 °C, with the free energy barrier height gradually
climbing from 12 to 2ZsT. In the case of Fe 1.5%Cu (fgure5.3(b)) aging in a
higher temperature range from 500 to 650 °C, the critical cluster size increases from 10

to 30 atoms with the barrier height rising from 10 t&&B A similar prediction follows
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from first-principles calculatiorj46], where the critical cluster size is calculated to be

12 with an activation barrier of 0.63 eV (k&) for nucleation in Fe_1.4%Cu alloy at
500°C. In both alloys, the free energy barrier becomes lower, but sharper, when the
annealing temperature decremaskhe free energy curves are also found to be well fitted

in the classical form a3G(n) = an+ bress + ¢, wherea is the volume contributiorp is

the interfacial energy term awds a normalization constant. Assuming that the clusters
are spheres, tharecipitate/matrix interfacial energy is evaluated to be approximately
0.28~0.30)@n-2 for dilute FeCu alloys, inaccordancevith values 0f0.27~0.34 @n-2
obtainedfrom the generalized nearest neighbor broken b@&®BB) model[11] with

size correction for small clustefB2].

25 L] I L I L ' L] I L l L]
[ Fe_1%Cu

T

AG /k

60

cluster size n

FigG3Mhducleation fr-e®wCwenea}i eCoFd B¢ al IACy sanllet ween

650 AC obtained with the Umbrella Sampling techniqgu
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For comparison, the nucleation free energy at 800n an Fe-1%Cu alloy is
calculated directly from FFS trajectories usitig ReweightedPartial Path (RPP)
methodas developed in the present the$ise details of the RP$tmulationprocedure
and results are presentin this chapterthe theoretical basis has been described in
chapterd.3.2

To usethe RPP method, one first needs to restore thestyf trajectories from
the ones obtained by FHS.the transition of A B, FFS generates trajectories starting
from the boundary of basin A in a ratclié&e manner through interfaces. When a
trajectory first reaches interfacat phase point: before returning to Ax: is stored as
the starting points in the search of trapes crossing the next interfaigel. It is noted
that the trajectory, which successfully reaches the next interface instead of returning to
region A, is not a complete path but will be continued by firing off trajectories at the
next interface until findy region A or B is reached. Patching up the fihadt

trajectories on every interface from FFS, one can obtain the ensemble with paths

exclusively coming from A and ending in A or B, i.£x’} , . The unbiased probability

of a path X' in {x'},can be estimated §&2][47]

PGID/N, f max(A()) € (4, 4,)
P(x")= P (5-5).

b if max(A(xf)) > 1,

As to other TIS methods, Rogat al. [43] proposed a reweighting strategy to
calculate the path probability imbhiased ensembles, based on the weighting factors
from the Weighted Histogram Analysis Method (WHAM27] in the procedure of
patching up the crossing probabilities of trajectories in every interface ensemble.

After the weighting procedure, the average of effeatrossings on each interface

can be calculated a%YiQ>A =8 P, (x)n%x ), where n°(x’) describes how many

times the trajectoryX'effectively crosses interfadewith crossing type. According

to the memory loss assumption, the -amterface crossing probability is estimated by
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equation(4-12) from the effective crossing in ensemi&’} . The result is plotted in
Figure5.4. In this work,/o and/1are set to be overlappin@nce a trajectoryeachs

/1from /2, it will end in state A. In this casely,,), =( ), , therefore p; =1 and

+
P =0 according to egation (4-12). In the meantime, sincall the trajectories in
{x'}, will end when they reach state B, there is no effective crossiig bfrom M,

ie. <yM_1|M >A =0. Therefore, the value of oieterface crossing probabilities -

1=13, pj, and pl’ts, cannot be evalted in the FFS calculation for the forward

transition.

1.0

0.8 -

04 |

02

0.0

14

interface i

Fi gbdOm-ent erface crossing probabilities calculated f

interface.

The oneinterface crossing probabilityp?®, is an average probability of the first

time crossing and rerossing interface from the adjacent interface. The implicit

message of the memory loss assumption is\wien the trajectories presently crossing

60



I do not have the memory in the phase region beyond the adjacent interface, there is no
difference between the first crossingdarecrossing probabilitiesBased on the

memory loss assumptiomioroni et al. [41] derived the connection between the

crossing probabilitiesP* ( P~ ), where P’ PQ)‘ ) and P PC’" ), and one

interface crossing probabilityp® as
po_PRL 5o RPL (5-6).
p|1+plll p1-+p1|i3-1

Equation (5-6) is an implicit expression ofP" ( P~ ), which requires the
information of p® and P’ (P ) for every interface and then iteratively solves for
the value of the crossing probability fro®" (P, ) to P, (P, ). For convenience,

equation(5-6) can be rewritten in a separate form f®" and P simply as the

function of oneinterface crossing probability (see Appendix A) as
-1 -1 . I
(Ep‘ Py PP ) (E pivs PaPa ) ﬁp_j (57).
m PPy P m PPy P 2
Equations(5-6) and (5-7) are the expressiorfer the crossing probability under
the condition that the memotgss assumption is valid in the system. Therefone

can do a quick check for the memory loss assumption in the target system by comparing

the result of crossing probabilityP™, from the FFS calculation and watiors (5-6)

and(5-7). Figure 4 plots the crossing probabilitie®” and P, evaluated from the

oneinterface crossing probability by egtion (5-7), compared with the crossing

probability, P*, measured in the FFS calculation (red squarégure5.5). The good

agreement indicates that the angerface crossing probability is approximately the
same in the first crossing and-emssing of each interface, which is an evidence for

long-range memory loss. If a large discrepancy were observed in the predictions for

P* by FFS and agption(5-7), the system wouldpparatly not be memoryless and
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the RPP method would produce an incorrect equilibrium distribution of statids® on

chosen order parameter.

10° F

10" F

10('35_

107 I . 1 . 1 . ] r ]

interface i

Fi gbGCr ossing probabiohiehyechdcel atesstiap@@Hnobabil it

compared with the crossing probability from the FFS

The average distribution of in the partial path,RQ(/), and the loop of the

partial path, L2(/), is calculated at the same time with the effective crossing. Once the

phase poink: of an effective crossing is located on a trajectory, the histograms of

rl(x,,/)and I°(x,/), can be determined by tracing along the trajgcfom xt

forwardly and backwardly until the trajectory reaches the adjacent interface. The
average density of/ in the partial path and the loop is calculated by

a P, (x)r(x, ) AP N ) o
(ve) ) . Since no trajectories
I A i A

Q/Y) =
P=(/)= VT
cross/mafrom/min {x},, R;,(/) and Lj, (/) are unknown fo/ i [/w-2, /w].

and L°(/)=

6 2



Therefore, according to agtion (4-18), the equilibrium distribution of the order

parameter,<0(x)- />, is only derived for/ [ [/o, /m-2] in the RPP method. The free

energy, F(/), is evaluated from the equilibrium distribution by

F(/)=- kBTIn<a(x) - />+C, wherec is a constant from normalization.

The free energy calculated by RPP from FFS trajectories is plottE@jores.6
by the red circles, compared with the results of standard Umbrella SamplinfR@AJ)S)
shown as blue solid line. In the transition phase redibii8, 55], the RPP method
gives a very close predictioof free energy compared with US. A broad and high
activation barrier is provided by both methods with the highest point showing around
/ = 35. Since the FFS algorithm only collects those trajectories visiting the transition
region, the trajectories thah{jer inthestable region are not included for the estimation
of theequilibrium distribution itheRPP method. This is the reason for the discrepancy
between the RRP and US results in the area close to region A. To correct the
discrepancy, one can evaladhe distribution of from bruteforce simulations around

region A, and then patch up the free energy with the predictions from the RPP method.
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Figure5.6 Free energy of nucleation as a function of largest cluster size calculated by the Reweighted

Partial Pat{RPP)method (red circles) compared with the one from Umbrella Sam{lisy

53FFS trajectories and nucl eatio

531 Nucl eation ratleastsfomm FFS cal cu

The nucleation trajectories in Fe_1%Cu and Fe_1.5%Cu alloys at 450 t€ 650
are generated using MC dynamics and harvested by Forward Flux Sa(Rpi8)R1].
The conditional crossing probabiliB(/i |/ o) on every interfacéi is plotted inFigure
5.7 (Fe_1%Cu) andrigure5.8 (Fe_1.5%Cu)In all FFS simulations, the boundary of
the metastale state/ o, i.e, the largest cluster sizppeaing in therandom metastable
state, is set to be equal o, therefore P(/1 |/ 0)=1. According to the definitior2(/i
|/ 0) represents the conditional probabiliythe largest cluster to grow from sizeinto
a cluster with size ovefi before dissolving tan</o. This probability is always

decreasing asi approacksthe boundary of stable staten, but finally converges to
6 4



P(/m|/0). The convergence is a natural result from the fact that larger clusters are more

likely to grow instead of shrinking. Aa clusterreactes size /m, the chance for the

cluster to dissolve is nearly 0, therefoome can consider the cluster as stabilized.

Taking the example of nucleation in #86Cu at 600C, as illustrated ifFigure5.9,

the conditional crossing probabiliB(/ |/i) for /1 [/i+1, /i] indicates the probability of

a cluster with sizéi to grow to/ before decaying téo. As /i getting close td m, P(/

|/i) is approaching to 1At i=13, P(/i+1 |/i)° 1, indicating thathe largestcluster is

stabilized as its size reaches sizg=65.

Here,/mandP(/m |/ o) are closely connected to the supersaturstatd At high

supersaturtgon, /mis comparably smaller arf{/ m |/ o) is significantly higher than in

underlow supersaturain circumstances (s€kable5-3). For example, a cluster with

size over 20 atoms nde considered as stable in-F#&Cu alloy at 450C, whereas

the cluster with 40 atoms still has significanbbabilityfor dissolving in he same alloy

at 600 C. The initial flux F a0 is mainly dependent on the atomic diffusivity, which is

dramatically boosted as temperatirerease¢seeTable5-3).
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Tabbl3dhe settings offoandiet iérlis/aisti nEed dsmdcmelei ngs,
val ues ofFajonictoinali tfilom»xa | P¢/r/o)s sainndg tphreo braebakelstiitoyn
T/°C /o /m Faols1 P(/ m|/ o) kag/s1
Xcu=1.0% 450 8 20 3.0210s 6.93102 2.1010s
500 7 30 1.21:10s 7.08103 8.56106
550 5 40 5.07-102 2.09104 1.0610s
600 5 65 0.53 6.44107 3.42107
Xcu=1.5% 500 9 20 1.3210s 0.13 1.68104
550 9 30 2.80102 3.35102 9.40104
600 7 40 0.85 2.60103 2.20103
650 7 55 7.84 1.8810s 1.48104

Nucleation rates calculated fromguationg3-30) and(4-4) are plotted irFigure
5.10as solid lines. The nucleation rates of Cu precipitates between 450°C to 650°C are
in the range 0l.017~ 1020 m-3s1 in the Fel%Cu alloy andLOzo~ 1022 m-3s1 in the Fe
1.5%Cu alloy. For both alloys, nieation rates do not significantly increase at higher
supersaturation and decreasing temperature, but rather decline by one order of
magnitude due to the increasingly sluggish diffusion of substitutional elements. The
maximum nucleation rates are obsenatdaround 550°Gn Fe1%Cu and around
600°C in Fel.5%Cu, in good agreement with the isothermal tiemperature
precipitation (TTP) diagram reported by Perez ¢48], where the fastest nucleation
is observed at 600 ~ 650°C ke_1.2%Cu. It is worth noting that the nucleation rate
obtained from FFS corresponds to the steady state nucleation rate defined in CNT, thus,
transient nucleation effects, which are manifested in the incubtati@{49], are not

taken into account in this work.
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Unfortunately, there is not much quantitative information on nucleation rates
available for the present ¥&u system, neither from atomistic simulations nor from
experimental work On one hand, experimental measurements for nucleation rates
require accurate detection of the Cu particles (radius smaller thamm).tormed in
the earliest stages of precipitation, which is almost impossible with present
experimental techniques. Onetiother hand, the steadjate nucleation stage is
inherently difficult to be observed in conventional atomistic simulations, especially
under highsupersaturated conditions. In the work carried out by Soisson and Martin
[50], with an estimated critical cluster size derived from the ststatg cluster
distribution, the nucleation rates for-Ea alloys are only reported for rather high
temperatures (1000K~1500K) calculated from bifotee Monte Carlo simulations.

In contiruum precipitation models, the nucleation rate is adatermined
parameter controlling the evolution of the number density of precipitates during the

process until coarsening of clusters begins. In the work of Stechauner and Kozeschnik
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[51], simulations of Ctprecipitation in ferrite are carried out using the KWN model
[52,53] (implemented in theoftware package MatCd81]), with the nucleation rates

of Cu precipitates calculated in a CNT framework at every time interval during the
simulation. In their work, tl steady nucleation rates at the primary stage are found to
be in the order 01020~ 1023 m-3s1 in the Fel.4%Cu alloy+at 450 to 650°C, with the
highest value, around3&022 m3s1, occurring between 600 ~ 650°C. Getal

[54], using a similar model in the study of precipitation kinetics in aC&& ternary
alloys, report values of 131021 m-3s1for the nucleation rate of Guch particles at

800K [54].
532Compari sonefwirtcre MCutsi mul ati on

The evalation of nucleation ragfrom brue-force MC simulations is based on
the connection betwedhetime-dependent nucleation ralet andthe number density

of clusters a§49,55]

Jnt = Nnika - Nisaikin = M (5-8).

qt
At a given timet, Nnt denotes the number density of clusters containiatpms,

and Nt (>n) denotes the number density of clusters with more thatoms. k:" is

the transition frequency for clusters wittatoms to attach (+) / detact) & monomer,
which is assumed to be a tinmalependent value during nucleatidntis variant with
time in the beginning of nucleation. After a short period (incubation time), the steady
size distribution will be establighl, i.e uNnt/pt = 0, such thalht becomes a constant
value and\: (>n) starts to linearly increase in time with a rat&of The constanin,,
known as the steaetate nucleation rate, is the nucleation rate evaluated in FFS by
equation(4-4). Here, the steadstate nucleation raie denotedsJs.

To validate the FFS methodsuteforce Monte Carlo simulatiorere performed
to analyze the steaeltate nucleation rate of Cu clusters irlBéCu alloy at 500°C.

The same LCE potential and diffusion coefficients are used as that in FFS calculation,

= the data was not published, baproducedvith the same MatCalc script from r5.1]
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but the size otheMC sample is increased to FADC 100 unit cells (28528.5 285
nne) to ensure sufficient statistics to evaluate the time derivatide(oh). The system
is first equilibrated at 1200°C and then quenched to 500°C. The measureigrnpf
begins right after the quenching. Ttheesholdvaluen in the number dentsi of clusters
Nt (>n) is set as the critical clusters sizigh n=15. In fact, the choice d¢ifiresholdvalue
n does not affect the value dfie nucleation rate when steadyate condition is
established49]. The vdues ofnin a range of 10~50 atoms give similar estimations for
Jsin this case.

Thebruteforce simulation is repeated for 100 times to gain an accurate estimation
of Nt (>15) in Fe1l%Cu alloy at 500°C. The averagdd>15) at each timeis displayed
in Figure5.11 along with its Mean Square Root Deviation (MSRD) titaged as error
bars. According té-igure5.11(a), the linearly increasing regiongf(>15) startswithin
a short period of time after quenching. Theermged steadgtate nucleation rate is
around 1.681019 m-3@1 with a deviation of 0.3 1010 m3@1 indicated by the dotted
lines. Compared with the nucleation rate from FFS,3118b m-381, the evaluation
from bruteforce MC is slightly higher. This is becaubeuteforce simulations utilize
a larger MC sample, which could have more concentration fluctuations in local area

and result in a slightly highek compared tdhe one evaluated in a smaller sample in

FFS.
x 19
(a) 60 - (b) 3.0
o N(>15)
JIel 25
wn o'
3 ot
,_3 40 o
o v e
c = B-F-5-F-x-x-A
g ~ 15 %
g
Z
1.0
. , 05b . -
12 18 x10 1 10 100
time /s MC simulations

Fighlrleahe number of cl ust ery(s>Ina3¥ ha sfiwrec tliaoang eaf tthiame
by aver agibmgftamvea slioMull%Au oanlsl dyn a&te 500AC. The erro

root mean squa+séd adrer omiru.c | lelad i ®theadcayt e evaluated from
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To testthe sensitivity of estimatios of Js on the number of repeated simulations,

Js from Ni(>15) in each individuabruteforce simulations calculatedas well ashe
avera@over multiple simulations (sdggure5.11(b)). The steadytate nucleation rate
evaluated by one simulation diverges from?Q®@o m-3@1 to 2.4 1019 m-3@1, and as
averaging over more repeated simulations, the deviatiah b&fcomes smaller and
converges around 1.58010 m-3&1 with 100 repeated simulation. AccordingRigure
5.11(b), an averagedll(>15) from over 20 rep¢ad simulations in@MC sample of
10C 10 100 unit bee cell gives a reasonable estimatiothehucleation rate irthe
Fe-1%Cu alloy at 500°C.

Generally, to reduce the stochastic error in evaluation of nucleatics) ttage
bruteforce method needs tatleer enlarge the MC sampling size or increase the
repeated times of simulations. Compared withithgeforce methodFFS has much
higher efficiencyfor thecomputatiorof reaction rate coefficienéspeciallyin the cases
with high transition barrierd56]. In this work, FFS harvestabout 600 successful
nucleation trajectories for calculation &fin Fe1%Cu alloy at 500°C, and the total
CPU time is about 50 hours on a single core. Supposing that one stabdeitpadt
cluster formed ibruteforce simulation stand®f one successful nucleation trajectory,
oneneed to repeat the simulation for 20 times to harvest 600 trajectories, and the
corresponding CPU time is about 80 hours on a single core. For a low supersaturated
case, such as in A@6Cu alloy at 600°C, FFSends 680 hours on a single core to
harvest 600 successful trajectories, while usinebruteforce methodpne maynotbe
able to observe nucleation in a feasible CPU thall Theoretically, the CPU time
for bruteforce simulation exponentially inases withthe height of theransition
barrier [56], based on the CPU time for -E&Cu alloy at 500°C, théruteforce
method is estimated to spend 650000 hours on a single core to harvest 600 successful

nucleation trajectories.
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54 Compaorni with CNT

In Classical Nucleation Theory (CNT), the neefion rate is expressed[&8%][58]

. € pa(n)e _ _ o
J=NZu expé T L, whereN is the number of potential nucleation sitéss the
é Kel (

Zeldovich factor,u+ is the atomic attachment rate,is the number of atoms in the
cluster andG(n~) is the free energy barrier at the critical cluster siz&he Zeldovich

factor, Z, is related to the curvature of the free energy barrier at the critical size,

Z = / DZG—k(nT) Here, DG'(n'), n- and Z can be directly evaluated from the free
P Kg

energy curvédG(n) as obtained in the previous sections.

In classicatheory, the nucleation free ener@s(n) is expressed as

DG(N) =DGnu it SN2/ 3 (5-9
whereDGnucl is the volume energy contribution, also known as themicaldriving
force. s is theinterfacial energy term, given by the producagfeometry factoA and
thespecificinterfacial energy i.e.s=Ag. The nucleation free energy evaluated in US
fits very well in this classical form, and the corresponding valueBGafic and s
obtained from the fitting are listed Table5-4.

Based on the regular solution model for binary systehe nucleation driving

force in a supersaturated solid solution can be expresgget as

él_ Xe6 éXEQ 0
DG =(1- ye)kBTInai—oo+ Yk T Inaes 6+ (X" - x°) (5-10)
cl- X'+ cX =+

wherexe andye is the equilibrated concentration of solute element in matrix phase and

precipitation phase at temperatlrerespectivelywis the interaction parameter for a
binary A-B system given bw=7z (e,, +&,, - 26,,)/ 2, whereg; is the bond energy
andz is the number of nearestighborgcoordinatiomumber) xo is the concentration
of solute element ithe matrix during nucleationwhere a maximum value @Gnuci is

provided. In a dilute solutignhe concentration of solutelston xs<< 1,x0° xs. When

xe <<1, equation(5-10) can be approximately rewritten as
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DG, = ¥kTi S

(5-11)

whereSis thedegreeof supersaturadn given asS = x/Xe. Here,xs is the initial Cu

concentration in the alloy andis the equilibrium Cu solubility at temperatureFig.6

displays the relation of driving forc®Gnucl, and supersaturadn, S, for nucleation in

Fel1%Cu and Fd.5%Cu alloysat 450 to 650 °C.According to Table 5-2, the

equilibrium bcc Cu phaseds almost pure Cu at temperature fr@g0 to 650 °Ci.e.

ye=1, thereforetherelation ofDGnuci andSsuggested by eq.(11) iBGnug =- kT INS

(illustrated by the solid line ikigure5.12). However, this tendency is not obeyed and

a nonlinear relation is displayed betweB®®nuci and Irs. At high supersaturation, the

nucleation driving force is much weaker than the one predicted umtieq (5-11).

With InSdecreasing, the discrepancy is getting smallelBdc starts approaching to
the value ofi keTInS. Equation(5-11) is derived with the assumption ththe clusters
formed during nucleation inherit the propertieghad equilibrium precipitation phase.

The trend line oDGnucl in Figure5.12 indicates that the Cu clusters formed during

nucleation are all in metastable state and eneadlgtionfavorable comparetb the

equilibrium precipitation phase.

Tabst4dhe dri DGngntoiroeerfaceabl eacedybyefimtting

energy from USSitso tchlea sssuipcearls aftournrat ed degr ee.
DGnucl /ksT s /keT
Tiec InS per Atom per Atomzs3

Xcu=1.0 450 3.23 -2.05 6.91
500 2.52 -1.75 6.45

550 2.07 -1.49 6.19

600 1.56 -1.13 5.74

Xcu=15 500 2.93 -1.91 6.48
550 2.48 -1.68 6.16

600 1.96 -1.48 5.89

650 1.51 -1.15 5.42

73

t

he



g

2 o

< 1} ]

> I N

o T oA

&~ e

A5 \‘-‘\ |

ol i A

DC A Fe-1% Cu

< 3| e Fel5%Cu 1

0 1 2 3

InS

FigBXxdhe nucl eat i, D®hugdarsi va nfgu nEcotritbee efol I d | i ne

equatDF;fUC'nzyekBTlnS, with the Cu

mar ks t hO&nutcroenrsd deBGhuwg lItlhavtani sh i n the case

The interfacial energys, does not show evident connection with thegreeof
supersaturain (see Table 5-4) At different temperatures, the value efslightly
changes in a range between 4.92%(® Jtnol23. The geometry facto@, is a unit
transfer asA=a/nz3, wherea is the matrix/precipitate interfacial area ands the
number of atoms in the precipitate. Supposing the precipitates are sphevedsatin
effective volume of m atom, the geometry factor is calculatedfas(4p)1/3(3Vm)2/a.
When using this spherical approximation, sipecificinterfacial energyg is estimated
to bein a range of 0.28~0.30in-2 during Cu nucleation in dilute Féu alloys at
450~600C. However, this is only a rough estimation, since the shape of Cu clusters
during nucleation is mucimorecomplex tharsimplespheres and the geometry factor
needs to be carefully evaluated in this case.

The atomic attachment rate,, describing the freqency at which monomers are

attaching to a critical cluster during nucleat[8h, is evaluated from FFS trajectories

by
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P{ n(t+ D) > n(t)‘n(t) = n*}
Dt

where p{n(t+Dt) >n(t)|n(t)=n"} isthe mean probability for a clustemato absorb
(t+Dt) >n(t)|n(t)

u =

(5-12)

one atom at the next time slice in each trajectorylmnslthe average time interval that
the systemresidesbetween adjacent slices. Since the attachment and detachment
frequencies approximately have the same value on the ttpe ehergy barrier, the

critical attachment rate can be also determined from #Bmsquare displacement of
cluster sizg59] in a short timeDt, as ¢ :ﬁ«n(t + tp n(t))2> .
n(t)=n

In Figure 5.13, the values oftx from FFS trajectorieseQuation (5-12)) are
compared to the values obtad from CNT ¢équation(3-10)). Evidently, good
agreement is achieved. In FFS, Cu nuclei are observed to change their size mainly by
attachment or detament of monomers in dilute alloys, while the contribution from
small clusters (e.g. dimers or triplets) is rarely detected during nucleation. This
phenomenon is in agreement with the classical description for atomic attachment
expressed byequation(3-10). However, small systematic deviations are observed
particularly at lower temperatures. This effect can probably be attributed to the non
spherical shape of very small critical clusters, wtunlk carobserve in the analysis of
the critical nucleus shapEigure5.24 shows some snapshots of small clusters with less
than 30 atoms observed in FA8 order to characterize the geometry of nuclei, the
clusters are fitted to ideal ellipsoids and an anisotropy fagt® defined as the ratio
between the longest and shortest radius of the ellipgaid {or a sphere). In this work,
the critical clsters in the size between 10 ~ 30 atoms are commonly observed in a non

spherical shape with average anisotropy factors ranging from 2.0 to 3.5.
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Table5-5 summarizes the values of CMjlpe parameters as evaluated from the
free energy profiles and the FFS nucleation trajectories. The CNT nuidearate
calculated usingequation (3-9) is plotted onFigure 5.10 to compare with FFS
predictions. It is not surprising that the two methods give almost the same prediction
on nucleation rates in this work, since the free energy usagliation(3-9) is a direct
reflection of the equilibrium properties of the atomic system, and the kinetics of cluster

growth is al so qui-GualloySbadedon the abavée discussion. di | ut e

Tabsts&lumbntef atoms in the critZjcatckcétabBAnehel bZet dewvi c
and atomic at,aacéwmahuoatacde¢fercamrieS for HhAl-%tys with

and 265 Tt nucleamnétioal cal asedegaucadB®))odn ng t o CNT (

T/°C n* Z  DG(n+)/keT W Is1 J/m-3s1

Xcu=1.0% 450 12 0.10 12.07 6.3210s 3.0610:8
500 15 0.08 13.13 1.0710s 1.44 1019

550 22 0.06 16.04 4.24102 2.40109

600 38 0.06 21.91 0.56 8.3910w7

Xcu=1.5% 500 11 0.09 10.94 2.01:10s 2.87100
550 15 0.08 12.33 4.81:102 1.42:1001

600 20 0.07 13.78 0.59 3.491021
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650 30 0.05 17.90 6.07 3.95100

55Chemi cal compositi on -calnuds tsehrasp e

55, 1Concentrati ont hpercefciilpas adcer/amsas r i x |

The concentration profiles across the precipitate/matrix interfaces are analyzed for
clusters of critical size at different temperatures. In the evaluation, the center atom is
defined as the one atom residing closest to the geometric center of the chidiee,
center ofafitted ellipsoid. The concentration profile is then calculated from the center

up to the 26 neighbor shell as illustrated Figure5.14(a). The Cu concentration in

theiwn shell is determined ag®” = nf) /), where n{) and n{) are the number of Cu

ot !

atoms and total number of atoms in tahell, respectively.

a (b)
() 1.0 T — 1T T T T T 1
0@ @® @Cu —a—T=450°C |
@ "% > @ Fe 0.8 - —e— T=500°C 7
> —a—T=550°C 1
. e 08| —=— T=600°C
.”'4 » ’ N 8 04 - -1
02 .
0.0 i 1 L 1 i
0 2 4 6 8 10 12
Distance /A
Figbhlrea) Il lustration of the procedure for finding
of e&vhel uati on of the composition profile from the ¢

profile of c¢rli%Guc aall Icolyu satte r4s5 0iIAWC,Fe500AC, 550AC and 6

critical sizes are 12l,yl5, 22 and 38 atoms, respect
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The concentration profiles, averaged over 500 configurations of critical clusters
with the same size, are shownkigure5.14 (b). In the FeEL%Cu alloy, the critical
nucleus at 500°C contains approximately 10% Fe in the center, with the Fe amount
significantly increasing to approximately 50% in the first neighborl.sii¢ a
temperature of 600°C, the Cu concentration increases to almost 100% in the center of
the critical clusters. A similar observation of for the concentration profile of critical
clusters is reported by Nagano and Enonj6@j based on a study of cluster growth
with the CahrHilliard theory for dilute FeCu alloys. According to their calculations,
the Cu content at the center of criticdusters is around 85% at 400°C ihe
Fe_1.5%u alloy and almost 100% when the temperature is increased to 550°C. The
average concentration of Cu clusters was evaluated by Kozeschnik and Ste@iduner
based on the minimumG(n+) concep61]. In thar work, the critical clusters in Fe
1%Cu is estimated to contain 70% Cu at 500°C and gradually increase to almost 100%
at 650°C.

In the present analysithere is no meaning to darther speculabn on absolute
numbers of the chemical composition dfical clusters because the actual value of this
guantity is very sensitive to the choice of criterion defining the matrix/precipitate
interface. Still, the concentration profiles of critical clusters indicate that the clusters
formed first in dilute allog are not always pure Cu clusters, and a substantial amount
of Fe atoms can reside within Cu clusters at low temperature. At 600°C, the critical
clusters maintain a high Cu content above 90% from the center up tai tresghbor
shell. At a temperature of 450°C, a large amount of Fe infiltrates into the core of the
clusters and significantly reduces the Cu content around the center of the clusters. For
small clusters with lessthan 20 atomsp st r i ct A edafiedanyneog,i o n
since these small clusters are composed of ofyi&yers of solute atoms, and almost

every atom in the clusters is partially
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To analyze the concentration profiles of clusters during scitezal growth, for
each temperature and chemical compmsiof the alloys, a group of configurations at
Acritical stateso, i.e. the states with the
nucleation trajectories in FFS and a brfdece simulation is performed for these
configurations until the stem forms a large stable cluster or decays back to the random
state. Those simulations, which successfully form a stable supercritical cluster are
stored and used to calculate the concentration profile of the largest clusters at different
times.Figure5.15 summarizes the evolution of concentration profiles in the clusters in
a weakly supersaturated case (irR1BeCu at 600°C) and strongly supersaturateskc
(in Fe-1.5%Cu at 500°C). At high temperature, the size of Cu clusters steadily increases
without significant change in the chemical environment arourféigufe5.15(b)). At
low temperature, the clusters first tend to increase the Cu content to almost 100% until
they finally start growing Kigure 5.15(a)). This Cuenrichment of clusters during
nucleation at lower temperatures was recently confirmed by the Differential Scanning
Calorimetry (DSC) experiment of 35 PH steel in continuous agjrat 300 to 500°C
[62][63]. However, according tdigure 5.15a), the enrichment of Cu content in

clusters happens very fadthe clusters with over 20% Fe are mainly found to be in
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small size with radius less than @&, and when growing ovenorethan 0.8im, they
are almost pure Cu clusters. This observation is inconsistent with the recent APT results

[64][65][66], where 50%~70% Fe are found in large precipstatién radius 1~1.6m.

55.2Shape anahbysktyagueolfust er s

The geometry factorA, determines thénterface areavolumeratio of clusters
during nucleation. This factor ften derived from basigeometricabodies such as
sphereand rodlike shaps in numericalmodels[67i 71]. In the FeCu systemthe
spherical(or nearspherical)lassumption for large coherent and sewoherent cluster
with radius 1~2m during coarsenin@nd before transforming into the rdtke fcc
precipitate[72][73], is justified by the experimental observatiof&6,69,74] But for
smallCu nuclei,both, the exactchemical compositioand the geometrical properties
arestill uncertain.Figure5.16 illustratesthe shape analysis afnanesized Cu cluster

(about 100 atomgjiscovered in simulation, whose shape is clearly not a sphere.

(b)

(d)

Fighlrégd | ustration of extracting thehssihnaulea Ainofno.r maat)i c
nawo zed clust@0 @u tdat amouind Hi ghlighted in a snapsh
represent the Cu atoms and t ha&hegrcelewns toenre si sr eipd erstein

network of Cu atoms connected with giazcmo odrh etrh ewiltehf
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i ndi catygsoathadi nate of thlbesiamoimat iacre U ebuintdt(ewdi t hi n
ellipsoid based on fThe iedttweod kelolfi Caoiad oims . di(spl aye

indicatingodothe thité@soi d.

In order to quantify the geometry factor sshall and irregular clusters, a best
fitted ellipsoid approximationis introducedto charactere the shape othe small
clustersduring nucleation By definition, the largest cluster is firstly characterized as
the network formed by Cu atoms connected with the nearest neighbor bond. Then the
Cu network 1is used a sfitted lkpsold dot quantdativelo f i n d
describe the shape infortran of the cluster, which is also illustratedrigure5.16(c)
and (d).

The besfiitted ellipsoid is calculated from the inertia ter[6] of the Cu

fskel et ono, which is defined as
ay’ +4  xO D xzD
2]
T=8z -PyD xD 74D y zI[ (513

Y®-BD y D X Dy-
where(xi, i, z) is the position of the-th atom in am-sized clusteand Oxi, Dyi, Dz)

is the displacement of this atom to the geometrical center of the cluster, i.e.

ebx = X i " .
1Dy, =y v ,with X=/ng %, y=Yng ¥ and Z=4nq 7.
1\ _ _ i=1 i=1 i=1
Dz =z =%

Diagonalizing T , one can obtain

al, 0 0 ¢
QTQ=3p I, 0 ¢ (5-14)
01, S

wherel1, I2 andls are the principal inertiaf momentgeigen values) on the principle
axes(eigen vectorsj, gz andgs, with Q= (qz, g2, g3) andl> |2 >|s.

According to the relation between principal inertia of momentsarrésponding
radi in an ellipsoid withequalmass density, the radius of a béged ellipsoid for a

given clusteiis determined by solving the following equations:
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él, =1/5m(;? +,)
11, =1/5m@? +2) (5-15)
N, =1/8m(r? +2)
wherers, r2 andrs (r1? r22 r3) denote the radof the ellipsoid andnis the mass density

of the clusterHere,mis set to be 1, so that the volumeladellipsoid found by equation

(5-15) is conserved tom\,,,, =4/3pr,r,m =n. The directions of radri, rz andrs are

llip
lying on the corresponding vectays gz andgs (seeFigure5.17).

To demonstrate the anisotropy of cluster ghap anisotrop factoris definedas
x=r1/r3. For aspherelike cluster theanisotropyfactor approximately equals towith
the shape otlusters getting more irregular, tloegree of anisotropyx, is also
increasingFor some extreme cases, such as pikeeclusterswhere all the Cu atoms

are placed on one plane (d&gure5.18), theanisotropyfactor x=a.
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sinr<e 80t afirned Umbr el l a Sampling

In this work, the shape analysis is carried toutompute theadi of clusters in
different sizeangeswith n=5~100 from configurations collected WmbrellaSampling
in Fe1%Cu alloy at 500 and 600. To gain better statistics, 800 configurations of
clusters for each sizge collecte@ndused tacalculate the averaged valuetiogéradi.
Since the biased poteat in UmbrellaSampling only constragmthe number of atom
in a cluster, the geometrical arrangement of Cu atoms isffeated by the biased

potential.
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The snapshots of clusteodserved durinddmbrella Sampling are plotted with
their corresponding befitted ellipsoids inFigure5.19to Figure5.23, with cluster size
from n=5~100 andanisotropyfactors fromx=1.0~11.0.From these snapshotdysters
with x=1.0~1.5 areobservedn a spherdike shape, and clustemith x=1.5~5.0 are
more like ellipsoids, whilelusters withx>5.0 are revealed in a needilee shapeSmall
clusters with less than 50 atomue observed texhibit a moreirregularshapeln the
ultra-fine clusters, witm<15, some clusterappearin aplatelike form with x=o, as
illustrated inFigure5.18. The chance téorm such platdike clusters isnot high but

once observed, the majoraty of them are fotmglace the Cu atomsn the [1 1 O]

plane.
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The anisotropyfactor averaging over configurations with the largest cluster size
asn is plottedin Figure5.24(a). For small clusters within 20 atoms, tlemgestradius
r1is about 2~4 times loreg thanthe shortest radius, andthis anisotropic tendency is
getting weaker for larger clustel&hencritical clustes have sizesver100 atoms, the
ratio ri/r3 is gradually converging to IThe temperaturseems to havealmost no
influence on thenisotropyfactor of clustergluring nucleation, e.g. the ratia/rs of
clusters observed at 6(D is only slightly higher than that at 500 for clustersof the

same size.
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For each cluster, the precipitate/matrix interfacial area can be approximately

calculated as the fitting ellipsoid surface area as

(rl >¢2)1.6 + (r.2 >1.3)1.6 + (r3 >¢1)1.6

S=4p,
P 3

(5-16).

Therefore, the geometry factor for aatom cluster can be calculated by

S
A:W (5-17).

The averagegeometry factor of clustersf sizen is displayedn Figure5.24(b).

The line inFigure5.24(b) indicates the value of geometry factor in a perfect spher
A e = (360V2)*, whereVo is the unit volume of an atom in thec lattice Compared

with the spherical cluster, Cu clusters have higher geometry faltidrg) nucleation
For clustersof critical size at 500C, i.e.n~=15, A is averagelyl2% higher than that of
a sphereWhenthe critical cluster size increases to aronreB8 at 600 C, theaverage
geometryfactoris still slightly higher, about 86, than that of &phere
To gain a further understanding of the irregularity of clusters shape, the probability

distribution oftheanisotropyfactor ofn-size clusterss(n,x), is calculated as

87



rin, ¥= (n) (4n) (5-18)
where r(n) is the unbiased probability distribution af, as evaluated in Umbrella

Sampling.r (¥ n) is thenormalizedprobability distribution ofx in all n-sized clusters

observed in USas [flx £ |[n)=1. Since the biased potential used in US only

constrains the size of clusters, the geometry features of clusters are not influenced in
the sampling. Therefore, equati@18) can give a reasonable estimationsgh,x)
without performing the complex muliimension Umbrell&amplings.

Considering that the free energ{n,x) is proportional teIlns(n,x), i.e. F(n,x)" -
Inr(n,x), the contours oflnr(n,x) evaluated from the results OmbrellaSampling for
Fe-1%Cu alloy at 500C and 600 C are plotted irFigure5.25(a) andFigure5.25(b),
respectively.In the contours,he distribution ofx significantly diverges in small
clusterswith n<15, indicating thatsmall clusters possess geometrical features in a
randomandchaoticmanner. One can observe small clusters in high andmhisotropy
factor almost with similar probability, and their shape does not resemble any
macroscopic geometries, such as spherdesor cylinders. As clustefsecome larger
thedistribution starts to convergewards dower spreacf anisotropy factors.In both
casesmost ofthe criticatsize clustersi.e. n~=15 at500 C andn-=38 at ®0 C, have
anisotropyfactors in the rangeof x=1.5~2.5 which is circled out by the dashed
rectangles irFigure5.25(a) and (b) for both caseBSor supekcritical clustersn>30 at

500 C andn>60 at ®0 C, the value ofxis around 1.5.
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Additionally, the distribution probability of the direction of the shortest axat

a given cluster sizen, r(n, norm¢s)), is calculated in a similar fashion as

r(n,normg; ))= rn) (morm(; )|n . The funtion norm(s) gives the unit vector of

r3, which is orthogonal to the plane with the densest mass inékfaillustrated in
Figure 5.26(a), the unit/normalized vectors form a sphere with raditisin space,
while, throughthe symmetric operations abcc lattice,all unit vectorsin spaceare
equivalently moved in the redea with three corners representing the unit vector of
directiors <100>, <110> and <111>.

In this work r(n, norm¢s)) with n=5, 10, 15, 35 and 50 are calculatezim the
clusters observenh UmbrellaSampling for Fel%Cu alloy at 60CC. In Figure5.27,
r(n, norm§zs)) is plotted as contours projected from tn@t vector sphere onto thyez

planein the formillustrated inFigure5.26(b). The contours are rescaled as fractions to
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the largest value of(n, norm§s)) in eachn, with the highest fraction, i.e. 1, being
marked by blue and the lowest fraction by white. Accordingly, the contour with more
blue area indicatebatthe direction ofsis evenly distributed in vector space, i.e. there
is noorientationpreferencdor the plane with the densest mass inertia in clusters.
Figure 5.27(a), he distribution ofthe norm vectoof r3 strongly peaks on direction
<110> for clusters in sizen=5. With clusters getting larger, the distribution f
direction starts smearing in vector space. In clustersiwid® and 50as illustrated in
Figure5.27(d) and (e)norm(s) is almost evenly distributed in tivectorspace.This
observatiorrevealsan interestingact that, in the beginning ofCu cluster formation
the ultrafine nuclei may hae a preference to arrange theatoms orthe[1 1 O] plane

of thebcc lattice while the preference soon vanishes as clusters griowarger size.
The ultrafine nuclei, with limited patterns torm thenetworks ofCu atoms, are prone
to be affected byhe crystallographic properties tife bcc lattice, whichresult inthe

preferred1 1 0] planefor Cu nucleiin the beginning of clusters formation.
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56 Anal yBFes/ Cuf i nterfacial energy

The U-Fe/Cu interfacial energgan be obtained bfitting the nucleation free
energy computed frodmbrella SamplingyS) to the Classical Nucleation Theory
(CNT) framework expressed lgquation(5-9), where the fitted parameters are listed
in Table5-4. Figure 5.28 displays thditted equation(5-9) (solid curve)andthe free
energyobtained byJS (red dotsin Fe1%Cu alloyat 500C and 600C. At 500 C, the

volume energy DGnuc, is evaluatedto be -11.24 kJinol1 and the excess energy

coefficient Ag, is 1.34J0m-2, while, at 600C, DGnudl is -8.20 kJinol1 and Ag is

1.35J@ 2. The unit of Ag is transformed frond@nol-23 to Jin-2 considering thaton

averagel mol of bccFe has a volume of 6.9706 ms with alattice constant o&-Fe

as 2.8% [76].
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It is emphasizedhat thesurfaceenergy €rm inequation(5-9), Agnm, does not

include the change of supersaturatioa. the nomegligiblereductionof Cu-content
in the matrix during precipitation at constant temperatdtecordingly, when the€u

content inthematrix starsto decreasasthe number of atoms in the clusterexceeds
100 atoms, the fittingparameters Gnuci and AQ) are no longer consistent with

n=0~100. To focus on thénterfacial energy during nucleation, fitting @fuation(5-9)
Is valid anly within n=0~100 with the Cu-contentof the matrix remaininground 0.9%
at both 500 and 60CC.

Based on the free energy and geometry factors BambrellaSampling, the Cu
precipitatéa-Fe interfacial energy as afunction of cluster sizen is calculatedfor
nucleationprocessei Fe1%Cu at 500 and 60CC. The results are plotted Figure
5.29. At both temperatureshe effective interface energghas rathersimilar valuesat
the same size (see open circles drigure5.29), which graduallyncrease from 0.24eV
to 0.28eV aghe clustersize increasefrom n=10 to 100 atoms.These values are
significantly lower than the values obtained from experimental determination of
interfacial energies (about 0.56eV) for spheriCalprecipitates in an F&.5%Cu alloy
in coarsening experiments at 500[69]. Despite the limitabns in computational

modeling, the discrepancyof predictions from US and experiment is reasonable
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considering thatgis measured for two different stages in precipitagtioa., in the
nucleation stage (present analysis) and duringsia@ge coarsenin@xperiments)

In the coarsening stage, the interfabetween Ctprecipitats and Fematrix become
incoherent, which ign additionafactor for differences between interfacial energies
calculated in the nucleation stage, where interfaces are presuowidyent, and

precipitates irthe coarsening stage.
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Figure 5.29 Cu-precipitatéa-Fe interfacial energgvaluated byUS and VGSCG ensemblén Cu

precipitation at (a) 50€ and (b) 600C.

For comparison, a different method, the \BGC (VarianceConstrained Semi
GrandCanonical ensemble metho§R9][30], is employedo evaluate the interfacial
energy for spherical Cprecipitates in dilute FeCu alloys. The predictions of Gu
precipitatéa-Fe interfacial energy byhe VC-SGC ensemble are plotted Error!
Reference source not foundwith open squareé500 C) and triangleq600 C) for
clusters with 50 to 350 atoms. the VC-SGC ensemblegis calculated taange
between0.25~0.34J@2 at 500 C, and on averagehigherthan ths at 600 C with
0.24~0.31J@n2. At both temperaturegy gradually increases with cluster siwgth
approximatelyg nis, which is consistent with the Tolmdength effec{12,77]78] to

interfacial energy on microscopic scale. As the cluster grows over 300 agoms,
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convergs to the interfacial energy of a planCu-precipitatéa-Fe interface, which is
0.38 Jin-2 at 500 C and 0.34Jn-2 at 600 C evaluated irthe VC-SGS ensemble
The interfacial energyg is also compared with th&ze depender&BB model,

wheregis computedrom the planer interfacial energgan as
gr)= &) .g (5-19).
In the GBB model, the clusters are assumed tgtieeical andr in (5-19) denotes the

radius of the sphere(r) is the correction factor depending ioas

a(r)=1 0.5458: $0.0892 6.0542fr L (5-20)
r r =
c -

wherer1 is the nearest neighbor distancebotFe. In Error! Reference source not

found., gis plotted as a function @i which is coupld with r asVon=4/3prs.
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The Cu/a-Fe interfacal energy has similar values in nucleation evaluated by
UmbrellaSamplingat both 500 and 60C, whereasn the VC-SCG ensemblegis on
averagelower at 600 C compared tdts valueat 500 C. Even though the clusters
observed in US are much smaller, the trengisfnot consistenwith predictions from

the VC-SCG ensemblen the overlapping regio(n=50~100). This inconsistency is
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caused by a different Cu concentratioraifre during simuléions in US andhe VC-
SCG ensembldn the VGSCG ensemble, Cu concentrationagir-eis a little higher
thanthe solubility limit of Cu at the respective temperataeund0.16~0.33% at
500 C and 0.44~0.78% at 600, hence the concentration gradient oBu/a-Fe
interfaceis higher at lower temperature, resulting an averagely higher interfacial energy
However, inUmbrella Sampling even the simulations are performed at different
temperaturesCu concentration i@-Feis almast constantly keepinground 0.86.9%.
Consideringthat the geometry properties are naffected by temperature, it is
reasonable forg to have the snilar valuesin Umbrella Sampling at different
temperaturesThe result indicates th#éte Cu/a-Fe interfacial free energy isot only
dependent on the shaped sizeof precipitate (curvaturehangeof interface) but also
strongly related tahe precipitate/matrix concentratiahiscrepancyat theinterface
(concentratiorgradienj. In theequilibrated ceexistingCu precipitatéa-Festate (VG
SGC ensemble)he temperature indirectly influences the interfacial enbygsitering
the concentration gradierdt the Cu/a-Fe interface. However, inthe nucleation
transition (US methodgtemperatte has little effect on th€u/a-Feinterfacial energy,
since the concentration afFe parent phase is not evidently changing in the steady
state conditionBut the temperatureletermines thalegreeof supersaturéan, and
hencejt has a strong influenaan the driving force in the nucleation free energy.
Another interestingobservationis a contradicing trend of geometry factor and
interfacial energy with cluster size during nucleation. &heotropy in the shape of
nuclei indicates thgteven in homogeneous nucleation, small clust&hsbit acertain
degree of anisotropy during growth due to the heterogeneity of crystallographic lattice
on amicroscopic level. However, this does not mean that the classical continuous
modelsare incorrect for nucleation processes with small critical nuclei. The nucleation
free energy curves in Héu system obey the form of classical nucleation theory very
well, becaus¢he system evolution follows the path where the excess free energy is a
minimum on the coordinate of cluster size Therefore, even though the geometry
factor andnterface energyg vary with size n, the excess free energy coefficiefy

remains atan approximatelyconstant value during the nucleation process before
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depleton happens. The excess free energy coefficient is also found &bt
constantsimilar to theproduct of compressibility and surface tension in lidgees

during condensatiofv9].
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6 Discussion

6.1 Rol esta@ft issaatmpdalng met hods

Conventional atomiscale simulations, such &onte Carlo methasl[32][50],
are widely used in studies of nucleation kinetics in diffusiamen solid-solid phase
transitions.In literature, various Monte Carlo algorithmave been proposed and
successfully implemented in software to investigate the diffusion kir{80¢scluster
mobility [81] and vacancyluster interaction$82] in the FeCu system. However,
additional statistical sampling is necessary to providacaarate quantitative analysis
of thenucleation process with bruterce Monte Carlo simulations

Considering the computatiaheffort, Monte Carlo simulations are usually carried
out in smallsize samples with the order of a few tens of nanometers and only for short
times This, however, makes likely to cause insufficient statistics in the simulation
and lead to an inaccurate estimationtlted number density of clusters, especially in
weakly supersaturated cag88]. For example, in chaptér.3.2 the nucleation rate in
Fe-1%Cu at 500C is evaluated fronthe bruteforce MC simulatiorusing a comparably
large simuléion box with 10010 100 bcc unit cells. Even though it is a moddyate
supersaturated case, the resahisw significant discrepaies between the repeated
simulations. Compared with thebruteforce MC simulation, thetrajectorybasel
sampling methods,ush as FFS and TIS, are muaiore efficient. The average
computation cost obruteforce MC simulation toobtain a successful nucleation
trajectory is logarithmically increasing with the free energy baoighe nucleation
transition whereaghe average time cost of FFS and TIS is linearly growing thigh
height of theenergy barrier.Consequently, tiis impractical to usebruteforce
simulatiors to study the nucleation transitions in weakly supersaturated cases.

In the evaluation othe nudeation free energy, Umbrella Samplihgsalsobeen
implementedn the MatCalc softwarg31] and utilizedfor the purpose of providing
sufficient statistics in quantitative analysis. Frarstatisti@l point of view, the

nucleation free energy is corresplamy to the equilibrated size distribution of clusters
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in a certain supersaturated condition. This distribution will not be established in reality,
since, during nucleation, there is always a net forward transition from small clusters to
large stable onamtil the phase separati@finally completed. When focusing on one
cluster, the size distribution is equivalent to the probability of finding the cluster in a
given sizen on its own nucleation trajectory, which is proportional to the total time the
cluster spends on sireduring nucleation. However, due to the presen@oicleation
barrier, the chance to observe a cluster aratsdritical sizen* is extremely rare
compared tdt in other sizewhich resuls in large statistical errors in estimation of
probability around*. In order to solve this problerymbrella Samplingises a biased
potential to enhance tlsampling of size distributioraround a givesize range, so that

one can obtain enough statisticsstfe distributios even aroundhe critical sizen*.

Then, the free energy profile is derived from the biased local size distributeargth

the Weighted Histogram Analysis Method26,38] Additionally, both FFS and
Umbrella &mpling procedures gain a large amount of transition trajectories and
configurations of clusters in critical size, which enable further investigation of

transitionmechanism and clusters evolution with statastioundation.

6.2 The esaralgye c | eCsut easlsl oiyn Fe

The FeCu binary system is a wedtudied model system in precipitation
hardening ferritic allog, where Cu precipitates play an important role in mealteri
strengthening. It is commonly acknowledged that, in therraild dilute FeCu
alloys, copper precipitates undergo a BE@RFCC transition during the precipitation
procesq84][85][86]. The chemicatomposition of these bcc precipitates, however, is
still unclear. In recent Atom Probe (3DAP) investigatifg¥§[65][66], the bcc Cerich
precipitates are assumgxlcontain about 50% Fe atoms, while the results from small
angle neutron scattering (SANRY] indicate a significantly higher Grontent of more
than 70%. Schober et db6] attribute this discrepancy to the assumption of-non

magnetic Cu precipitates in SANS experiments and the insensitivity to very small
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clusters of only sulmanomete radius in 3DAP techniques. Unfortunately, no direct
explanation for why the bcc precipitates contain such high Fe content is provided.

In this work, through analyzing the nucleation trajectories from FFS, the Cu cluster
in critical size are found to ctain more thark0% Fefor casef high supersaturatn.

In disagreemento the experimental observation, the enrichment of Cu in critical
clusters isobserved onlyrior to their growth in size. Thelusters become pure Cu as
the critical nuclei grow intothe supeicritical clusters,while, according to 3DAP
observations, supearitical Cu cluster with radiu$ nm~ 1.5nm (number of atom400

~ 1000 still contain significant amount of Fe, arouad%-60%. So far, theras no
convincingexplanation for the high Fe content in bcc Cu clusietls radius overl

nm The nanesized scale investigations from first principles calculati®&1$, Monte

Carlo [80i 82], Molecular Dynamicssimuations [88] and PhaseField modeling[83]

all predictpure bcc Cu clusters in tlseipercritical stage In the work of $echauner

and Kozeschnik89], thelnner Particle Diffusion Factor (IPDRF usedo explain the

high amount of Fe in superitical clusters. If IPDHAs smal| i.e. the diffusivities of
elementsnsidebcc Cu clusterare assumed to be sluggisiine increase of Cu content

in clustersis simultaneously happening withh e ¢ | u s t Tdherefoée, ogercanwt h
observe a large amount of Fe in supetical clusters in the simulation. However, the
diffusivity inside the clsters is not assessable, i.e. IPDF is unable to obtained, since
bcc Cu is thermodynamic unstable structure.

With respectd atomstic simulations,it is emphasized thdahe key simulation
ingredienti.e., theFe-Cuinteractions in metastable bcc @uestill lacking or, at least,
uncertain which cargive another possible explanation for the high Fe amousuer
critical clustersSince bcc Cu is a mechanically unstable structure, the atomic
interactions of F&€u, FeVa and CuVa in bce Cu is very difficult to obtain. In the first
principles calculations, the b&eu supercell directly transforms to fcc lattice with
structural relaxation at 0 K. So far, the author has not found any literature addressing
the atonic interactions in bcc Cu. Howevehe supeicritical bcc Cu clusters with
radius Inm~ 1.5nm, observed by 3DAP, contain more than 400 atominerethe Fe

atomsin clustersactually stay ina local bcc Cu environmentt is possible thathe
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supercritical bcc Cu clustersaresubject to a strong strain field to transform from bcc
structure to fccBeforethis structual transformation beginsertain amount of Fe in
clusters could compensatieat strain energy and stabilize tloeherent bcelusters
Whenclusters grow larger and start to transfanto fcc structure, Fén the clusters
thenbegins todiffuse into the matrix to form the pure Cu fcc precipgatéet, this
needs to be confirmed by further investigations.

The critical sizes of Cu clusters observed from energy profiles ranges from
n*=12~40 in dilute FeCu alloys at 450~65C. In contrasto the general understanding
of clusters shape in homogeneous nucleation, the shape of Cu clusters5@ighow
an evidat geometricalanisotroy. The degreeof cluster anisotroly is strongly
dependent on the cluster size, where smaller clustersahbigiher degreeof shape
anisotroy on averageln homogeneous nucleation, the coherent nuclei are intuitively
considered tte isotropic in shape, i.e. spherichhis assumptiois reasonablevhen
the nucleus igarge enough to form a distinguishable bulk, which is approximately to
be seemed as consecutive. However, for 4itr@ nuclei, e.g. Cu clusters witix60,
there are nalearbulk and surfaceegionsto be recognized, since a nucleus is actually
tens of atoms placed next to each other on the bcc latticecrystal structuref the
lattice itselfinfluences the arrangement of atoms in an 4itra cluster.For example,
the bcc Cu clusters with=5~15 have a preference to aliglongthe <1 1 0> plane.

The influence from lattice pattern will degeneratéhesclustes grow. This preference
vanishes in clusters with>25. The shape anisotrgpof nearcritical clusters in FeCu
alloysincreases the contact area between nuclei and parent phasecarhielad to a
higher atomic attachment raa@d weaker nucleation driving forcempared wittthe

predictiors from their correspondin@NT-type expressics

6.3 Controevaeael definition for I nt er

The interfacial energy plays a very important role ingimulation of theearly
stage of phastarsitionsin supersaturated solid solutions. This energy term controls
the nucleation androwth ofthe secondphaseprecipitates and strongigfluences the
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coarsening kinetics as well as physipadpertiesof the precipitate§s7i 69][90]. The
evaluation of interfacial energy is difficulthe planarinterfacial energy of two co
existing phases can tieeoretically computed frortine CahnHilliard theory[70][71],
provided that the interfacial energy gradient is known or calculated by the Gesbral
NearestNeighborBrokenBond (GBB) model[11][12] with energy parameters derived
from the EAM (Embedded Atom Method) potential or thermodynamic databases.
Alternatively, first principles methodf©1] and statistial approaches with atomic
simulation [29][30] also provide ways to compute coherent interfacial energies in
various alloy systemsThe curved interfagewhich is characteristic fonucleation
transitions is more complicatedA practical way is to derive the curved interfacial
energy from the energy ad planarinterface and applyan appropriatecurvature
correction.In continuum models, this correctimainly based on the Tolman length
equation[10]. For the broken bonohodels, the curvature correction is deduced from
the reducedhumber ofeffective broken borslacrosghe curved interfacgl2]. Despite

the dispute orthe Tolman length equation, these approachesstitequestionable in

the application to theanoscale small nuclei in nucleation transitions.

All models for the curved interfacial enengly on a reasonable definition of the
clusterswhere the bulk of new and old phasee distinguishably separated by the
interface between therlsually, a nuteus istreated as a spheogbulk surrounded by
the EDS (Equimolar Defined Surfacgp?2] to preserve the total mass of the system.
However, thisdescription of nucleuss hardly satisfied by the criticaize clusters
observed in the nucleation processes kChealloys.The criticalsize clusters with less
than 50 Cu atomare actuallygroups of atoms connected with each other with nearest
neighbor bond They show sting irregularity in the geometrical arrangement of atoms
and almost every atom in the clustersanehowin contact with the be€&e phase.
There is no fAbul ko t ostageeCu nuelevehighcouddel i n t h
explainingthe high amount of Fdiscovered in Cu clusters during nucleatibnmy
opi ni oimerfac® ewveen awuclaus andits parent phasé formed before the
Abul ko emer gi ng as t ketheneckatibntprocedslowkeen si ty f |

it is a rather complegndeavoto characterize the interfade. this work, he clusters
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observed in simulations are simply defined as ellipsoids with similar geometrical
features, which are in contact with the parent phase by a sharp intéHadsesfitted
ellipsoid is not the dg way to describe the eartage clusterslt is of utmost
importance to emphasize that theometrical factor, as well as the interfacial free
energy will change with a differentharacterization of clusterand definition of

interface

64Pros amd &drPs met hod

In this work,aReweighted Partial Path Meth(lIPP)is developed anthtroduced
to evaluate the free energy profile of diffusive processes using trajectory information
from a single TIS or FFS calculation. The main steps in the Riethod are

summarized as follows: (i) after the rate calculation for the transitioBAs finished,

the unbiased path probabilitf (x") of every trajectory is calculated, eigsing eq.

(16) for FFS and the reweighted path ensemble md#igidfor TIS; (ii) the partial
paths are generated by breaking up the trajectories into path segments according to the

effective crossing points on evengterface; (iii) the decaying probabilityi, the one

interface crossing probabilityp® and the density of partial pat®?(/) (L3(/)) are

calculated from patrtial paths on interfacév) the equilibrium distribution of the order

parameter, i.e.<a'(/(xt)- /)> is evaluated based on the quantities computed in the

previous steps according to eq. (16)AppendixC, some simpleexamples to illustrate
the RPP procedures in detaikalso provide.

In principle, RPP is a related form of tlep-boundarymethod[42], which is
proposed in PPTISPartial Path Transition Interface Sampliri§3,94] to derive the
equilibrium state distribution from partial path enddes. In theloop-boundary
method, the equilibrium histogram 6fwith /1 (/i-1, /i) is evaluated from the partial
paths on interfaca andi-1. PPTIS measures partial paths by performing the shooting
algorithm on every interface, while RPP generatesglgrtith from TIS trajectories
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and reweights them based on the memory loss assumption. Therefore, similar to PPTIS,
the validation of the memory loss assumption is also necessary for the RPP method. In
this work, the validation is performed by comparing fingt crossing probability of

each interface measured in TIS with the one reconstructed froranthiaterface

crossing probability p° in RPP. Sincep® contains the rerossing information of

interfacei from all the other interfaces, the consistency in the results from this
comparison indicates that the loss of memory is actually an effect in the behavior of
trajectories, and vice versa. Except the \alwh of memory loss assumption proposed

in this paper, there are other ways to detect the memory effect in a system,ssee Ref
[41] and[95]. The MFPFFFS method proposed by Thapar e8] is also built on a
memory loss assumption to evaluate the free energy profile, but employing a different
approach using the Mean First Paage Time (MFPT) estimated from FFS trajectories

to solve the stationary Fokk&ank equationWhen usinghe MFPT-FFS method, the
system must be Markovian (memoryless), while RPP allows the system to have a short
range norMarkovian (memory) effect withiradjacent interfacedzor a Markovian
system, TIS/FF&RPP and MFPFFS will give the same result in free energy
evaluation.

The RPP method is very suitable for the study of rare events, such as nucleation
processes, where the kinetics in the forward ttiemsis of particular interest but the
equilibrium calculation involving the reverse transitionldonbrella Samplings time-
consuming. However, one must be aware t
in trajectory space, and the sampling weightpbfase points is decreasing with
interfaces getting farther away from the initial state. To make sure that RPP is accurate
in the whole transition region, in the beginning, the TIS algorithm should collect enough
trajectories on every interface, which wilcross the interfaces behind the present one.

In some cases, when the final state is much more energetically favorable than the initial
state and when it is difficult to sample thecressing trajectories on interfaces close to
the B region, then the PP prediction for the energy profile may be incorrect for the

area close to the B region. Still, the estimation of energy profile is reliable for the barrier
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height looking from the side of the initial state. This is also a reason why application of
the RAP method to processes with only one important transitierecommeded

Other issues regarding the order parameter and interface setting are similar to TIS
[20] and PPTIF41]. The order parameter should be
algorithm is more sensitive to the choice of order parameter compared to TPS. As to
the interface settinghe memory losseffect between interfacess weakened as the
interfaces get closer to each other according to [R&f. Therefore, it is advised to
avoid a dense setting of interfaces in the transition region for the Ttdatan.

The purpose aheRPP method is to providenaeans for guick estimation othe
free energy profile. If one wishes to obtain a thorough understanding of the system for
the density of states, average committer and other thermodynamic ob=®roabl
should employ a more sophisticated approach, such as the reweighted path ensemble
[43], generalized replica exchange metligREM) and its extensis[97][98].

In summary, RPP is agfficient method to evaluate the free energy profile on a
given order parameter in TIS/FFS simulations. The advantage of RPP is that it only
needs the trajectories from one calculation of TIS/FFS and does not require any
additional samplings, i.e. nabundint extracomputatioml cost. Therefore, the
combined TIS/FFSRPP method can simultaneously calculate the reaction rate constant
and free energy profile in a transition. Still, there are limitations. The RPP method can
only be used in the Markovian systen a system with shernge memory (nen
Markovian) effect, so a check for lomgnge memory effect is necessary. The RPP
method is also sensitive to the choice of order parameter. Normally, the order parameter
should be a fApr op e rapoooander.pardmeteneRPE m&tHods/ FF S

will give incorrectpredictionsof thefree energy profile.

104



7 Summary

This thesispresents a comprehensive methodoltmygtudy the equilibrium and
kinetic properties of earlgtage precipitation in FEu system by mplementing
statistical sampling techniques to Monte Carlo simulations. The nucleation free energy
as a function of cluster size is first evaluated by Umbrella Sampling for two
concentrations at different temperatures. With Forward Flux Sampling, a lardgeen
of nucleation trajectories are generated and used to analyze the nucleation kinetics of
Cu clusters. These simulation results are compared to predictions from Classical
Nucleation Theory and good agreement is observed. The chemical composition of Cu
nuclei is also investigated, showing that the first formed Cu clusters in dilu@iFe
alloys aged at low temperatures can contain a substantial amount of Fe atoms. During
aging, the clusters first enrich in Cu content from inside the precipitate, and only
afterwards growth of the particles commences. In contrast, when aged at a higher
temperature, the clusters formed are almost pure Cu particles from the beginning and
remain so throughout the subsequent precipitate growth stages. Analysislostees
shape shows that the clusters become increasinghgpberical with decreasing cluster
size and increasing supersaturation.

Additionally, a novel approactihe Reweighted Partial PatfRPP)method is
proposed and implementdd efficiently evaluatethe erergy profile in diffusive
processedn a single computation of Transition Interface Sampling or Forward Flux
Sampling.TheRPP metho@ssumes a loss of memory in the trajectories, which allows
a reweighting strategy to calculate the average weights ofalpadths on each
transition interface. This method is successfully implemented in the calculation of
nucleation free energy of Cu precipitates inGtesolid solution. The RRBvaluated
free energy profile showa good agreement with Umbrella Samplingulés The
accuracy and robustness of the RPP method are also discussedtiredisdlt is

emphasized that the RPP method might fail in cases where the history of the trajectories
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has a significant influence on the properties of the current state. dileerafvalidation

of the memonjloss assumption must be performed in the assessment of RPP results.
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Appendix

Appendix A:

The decaying probability that a trajectory, which crossed inteiféman A, will
return to A before continuing to cross B is defined lds= P(mio):l- P(g"‘g).
According to the memory loss assumption, the following relations hold approximately
for any positive integeg>0 [41],
PGl o) © Pli0)
P30 PCY (R /P
PGl 0 PCY XN 7p)

Using the appuatxipddiati ohei holelgowi ng rel at

(Ad

probability is derived as
Ui+1_U‘

PG PGl PETS(PGT9-2)
U-Us PRI PGLY PG (PGl 1)

PC,|! P,
. (A2)
PGP PGTI PG D
o PCLIE/®)  _ RRi@TE)
PGYPE R/ 9D FRiG /R
Since - :M [41], equation(A2) is rewritten asoin~ Y _ pz_lp‘o . This
S N P o Y U-U., Rn.p
relation can be expaadfrom Ui+1to U1 as
Ui+1_Ui=E+IJ{;(UIT_U[—I)="'=%(U2_U1) (A3
pi—lpi p1p2'npi
Summing up egation(A3) from 1 toi, we have
i_l + ;--. i o)
Ui'Uz :(Uz Ul)aplr_lz—glp (A4

=2 pl p2 p °

Since U,, =P(], ‘g” )=0, Uzis solved by egation(A4) as
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Ml__

M-l _F_F ...
U,=U, 1+2p1p2 ,1}7 2p1p2 A (A5)
m=2 plpz ,' m=2 plpz p,‘

Through combination of emtions(A4) and @A5), we derive an expression for the

decaying probabilityor a giveni as

M1P+p+ p M rr rr ;p=
U U 1+E 1 Py P E P bi (AQ
m=2 p1p2 [ m=i p1p2 pi

According to the definition, the decaying probability at interfacan be rewritten

as
- - 1-U
U, =P([y) =1- P[5 =1- - (A7)
P 0|2 _ P 0 |1 P M |2 P 0
Since Yz~ Y, (M‘O) (M‘O): (0‘0) (2‘) 2 , equation(A3) is rewritten as
u,- 1 PG I5)- p;
U -U = M(U 1) (A§
pp,p

Combining eqgations(A7) and A8), we can derive the expression fet* as

o4 .5 1 = -k
., 1-U, alpp- 5 O
ol SARRRR D (A9
-V, oo PR R =
Since il = p{ % p,l [41], P is also derived from ecption(A9)
S N VR o Y
i-1 ¥ F. . F = i Pi
P(=( —plpﬂp‘“‘ipm) LS (A1)
ml PPy P i P

114



Appendix B:

Since the equilibrium distribution is preserved in trajectory space, there should be
no net probability flux passing through the phase points on a given interfacthis

case, the average effective crossing fsom i+1 equals to the effective crossing from
i-1, i.e. <yi’i_1>=<yi’i+l>. Combining with eq. (10), one can gdt=< Y> < W 0.

Therefore, the continuity relation bgquation(4-14) at equilibrium is reduced to
<Y;> p_,< \?> €. Hence
i ¥ i-1 ) ’
2 _PPRR g
Y =yt Y
In the unbiased path ensembjg’} , , there are no trajectories coming from region

B, hencela , 0 and <Yf,,_1>A =0. Based on continuity relation, one can write down

the following equations in{x‘} , for every interface from 1 thvl-1:

€l = Do+
%E<Y1>A ta -plT=< 0\>A
I

| .

11, P 7 .

—y?) -2 y) 3 o B2
o Y Y (B2)
P
(N & VN 3, O
|l p:/l-lm —2< M-2>A A

In ecuation(B2), we haveM-1 unknowns, including{<Yf>A}_=1 - andJa, in M-

1 equations. According to Cramer rule in linear algebra, the solutioruafien(B2)

z =1 7.7 7
PP plp‘g“”g PR B ol
m2 R B P Omix PP P

o

u

u

(B3)
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Since (Y5), =), and <Y 0> =y 1) , hence

U, =P [3) W) (el <@><Yg>“ Since <Y§>A— Y,

Vi) (e (Ye) (Vo) ()

<Y§> —< X> combining with eqB1), (A6) and (4-12), the effective crossing of

interfacei in {x'} ,is connected with its equilibrium average by

3.2 %), B (=)YRely) (B4)
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Appendix C:

In this appendix FFSRPP method is applied in 3 examples: a single patrticle
moving in a onealimensional doublevell potential with overdamped Langevin
dynamics (Example 1) and Laegn dynamics with inertia (Example 2), and the single
particle moving in a twalimensional doublevell potential with overdamped Langevin

dynamics (Example 3).

Exampl e 1:
In this example, we apply the FIRPP method in one particle moving with
Langevin dynamics in a ordimensional doublevell potential,
V(1) = (1)
mv(t) +yv(t) = f(x) +1(1)

whextle i s the posittioons af cpacsiKanite fali et fi meg e

(C1)

X, aamdé the mass of particledt)ywhisch hies Gaealts st
nNoi se satjd G hal(i) o g)ReTolit) , wiitjleries t he @sel ta f un
i's the Boltzmasntbotenseamperandre. We consi d

V(X)=5kT(X -2X B (C2)

, heffgd=-M{XY/ X Clearly, the two stable point

(N1, 0), and the s abdadrirei eprokdieti gihst aotf (50, 0)
As the initial example, we consider an overdamped Langevin dynamics and the

numerical integration of equatio®1) uses the following scheme

x(t+ B x1) tD%B(Ti) t 2Drtg (C3)
whebtes t he ti méiisn drheea sde niefnuts,i o rD=keTaef f i ci en
angds a random number generlgtOed )f.r d m tsh enurd @
keT=0. 1 p=1ladxids di screti zxe=® . Wilt haadubnhrtajettori
evet=yy, with ti mMe6. @% rTehaes esmteanlt| e st ates A a
around (711, 0) and (1, 0) , +RBspebtei weldye.r

parameter &% @mhads emF Sassi muloautti owmi tihs 12arirn te
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{a}i=oécand 1000 configurations on thei sroundar
set to be @vaess=balppeeRE-i.T8he det ail s of FFS c
is |ist@d in Tabl e

Tabdlel nterfaces and number of traj evettroaji eecst oorni eesa cahr

firing offiafnrdo,m ai nmolNnegr &t pheeent, @+rli ebse froeraecihrpéi(;tl‘id) nming to

the crossing $)r«ndi>ladnﬁ>q;)+]+i0):gl\li/l\wihich i

[ & Mi Ni Mi - Ni p(i0+1io)

1 -0.8 1518 1000 1418 6. 50XE
2 -0. 7 8000 2808 5192 3. 5QE
8 -0. 6 8000 1499 6501 1. 8U0E
4 -0. 4 8000 2118 5882 2. 606E
5 -0. 2 8000 3247 4753 4. 0BE
6 0 8000 5117 2883 6. 40E
7 0.2 8000 6770 1230 8. 4BE
8 0. 4 8000 7697 303 9. 6QRE
9 0.6 8000 7953 47 9. 9 E
10 0.7 8000 7977 23 9. 9V E

After the FFS calculation for the transition B is finished, we use the RPP

method to evaluate the equilibrium distribution @&f <d(/ (x,)- /)> , from the
trajectories obtained in FFS. The RPP procedures are as follows:
1.Calculation of P, (x'), <Y ?)A and p°
The first thing to do is to do calculat® (x")T Tthe unbiased path probability of

every trajectory in the ensemble with all paths starting from stable A state and ending
in either A or Bstates. This probability can be easily calculated as (Equation (16) in the

manuscript)
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P(;

;)/Nl. if max()t(x’))E()Li,lm)
TA(XI)= P(M (C4)

h if max(x(xf)) > A,
Then we locate the points when trajectories effectively crossing every interface and
find out the crossing typ&, i.e. Qin, = I and . The average of effective

crossings on interface <YiQ>A, can be calculated a$Y9>A =8 P,(x)n(x),

where n°(x’) describes how many times the trajectony effectively cosses
interfacei with crossing typ&€. The average effective crossinQYiQ>A, in Example

1is listed in TableC1.

Under the assumption of memory loss, the partial crossing probalpfityati can

be calculated from<YiQ>A as (Equation (9) in the manuscript)

), (),
A R A7)

and p- =1 -p’, p,1 =1 -§ . The values of p° is displayed in FigCl(a).

(C5)

When the memory loss assumption is valid, the crossing probal#fityin FFS

calculated as

T
R =P([=O PG (C6)
j=1

should be the same as the ones calculated from partial crossing probability in RPP
as
Gt pl p2 pn
.In Fig.C1(b), P* withi=1€é11 by e5p(EFS)andoequatiporcy) (RPP)

(C7)

- O: O

are compared, and the excellent agreement indicate that there is no memory effect

between interfaces.
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Tabd2et he effectivei, <YiQo>As,s iww@linhoﬂn:,I @andegr f aces

A (o). (¥, A

1 6. 50BE 9. 3UIE 0 6. 58E
2 2. 3AE 4 . 200 E 9. 60X 2. 20ZE
3 4 . 5BFE 2. 8Q@E 5. 9@O4& 4 . 30E
4 1. 10FE 3. 98BFE 2. 504 9. 43B4&
5 4. 804& 9. 5M& 1. 1-B&E 2. 404
6 3. ®B4& 2. 8®B4& 6. 3®bE 7. 60.%E
7 2. 6004 1. 1-G6& 4 . 801%E 2. 3UE
8 2. 5@& 6. 0ME 3. 8% 1. 1-0%E
9 2. 504 3. 50% 8. 90=E 1. 30%E
10 2. 40& 1. 0B£E 0 0
@ — T T T T T T T 1 (®) — T r T T T T T 7
L4} e A - . 10°F & E
Ly i i Mt ] F \ o P by RPP
T —&—pF O p - r \ + |
i i 10_1 L \ —h— Pj by FFS =
Lo i N ;
L I [ u )
E! 1 & 10t \ .
0.6 F 5 i\
0.4.' '_ 107:3;_ \\ —
LR ] 8 & & & ]
00 1 " 1 N 1 " 1 " 1 1()—.1 " 1 " 1 " 1 " 1 " 1 "
0 2 4 6 8 10 0 2 4 6 8 10 12
i i

Figl (a) the partial crossing probabiFITrFPQ‘%)on each i
evaluated from partial cross)ng eombabeéedi t hes onmasF

(equas) pn (

2.Calculation of P?(/) and LY(/)
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Then,we need to compute the average densiyrothe partial paths,P?(/), and

the average density efin the loop segment of partial path?(/), on every interface.

When a trajectory effectively crossed interfaed¢ phase point, the histogram of

/ in the partial path is calculated &%/ ) = ﬁ_?? dt' d(/(xt.)- /), where Dt} and

b
Q

Dtg are the times when the trajectory first crosses interfate(- 1) forward and
backward fromx:, respectively. ForQ in *,¥,=and i (Dté,Dtg)is taken as

(oD, (ot ot (o

i-17 i+ i-17

thl)and (Dtiil,Dti'il) , respectively. In step 1, we have

located the effective crossing pointsidor every trajectory. At each effective crossing

point, x;, one can obtain a histogram/af 2 ( ). Accordingly, the average density of

/ in the partial pathQ having crossed is calculated asPiQ(/)=<fiQ(/)>YQ. For

illustration, P°(/) on interface=6 is plotted in FigC2(a).
The density of on the loop segment of partial paths is calculated in a similar way
Q(/y=/19 - PSS :

asL’ (/)-<Ii (/)>v?’ with 12(/)= ] ct o/ (x)- /)1 (x.). Whenx: is on the

loop segment of partial pathl,(x,) =1, otherwise, |,(x,)=0. L?(/) on i=6 is

plotted on Fig.C2(b) along with the average density /obbn the boundary segment

before crossing point, B?, and the average density bbn the boundary segment

after crossing point:,B'C. Clearly,P?(/)=B%( ) 8,V )/ £ ).
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—o— pt —e— p; —a—p} —— p]

10 -
QSO-
et
@~
20

10 |

0
(b)

40 T T T T T

—=— g} —o— B, —A—p] —~v— B} —e Bl —<— B";
ok BT =B L} ——1; L] —o-L} i

density of 4
S

—_
<o

Fi.@2 (a) the awematglee dearsti itad6qgpg a(tbh) otnh ei naiiveerrtadgece d e n s

segments of partii@a,l vBRaeteBd mrient ecirefoadoeentsi e ybodndary

segments before and, afEBpethﬁ%wclrplsteyaahgﬁnﬁiohientl oop

e+ _
s e g me n Q,in Wi=f4hand+.

3.Calculation of <d(/ (x,)- /)>

The final step is to use Equation (15) in the manuscript to calculaggiidrium

distribution of/ as

(41 x)- /)>:<d(/(xt)- /3>A- J,C(/) ()
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+

where C,(/)=R.( 1 £ R0 mLO) /pHT) AEC) TEEO).

Ci(/) is calculatedbased on theP®(/), L%(/) and p°® we have obtained in

_ Mel
previous steps Decaying probabilityJi is defined asU, = P(ﬁ,,"o) 1 QPCHL,
j=

and J, :< \6>A P(g”‘t). Since the interface=0 andi=1 are overlapped(YS}A =1,

Ml
andJ, = P(g'[5) <O P
i=1

o) . Therefore, using the crossing probabilities listed in

Table C1, Ui and Ja can be easily obtained<d(/(xt)- /)> is the stationary
A

distribution of / in transiton A B, which is calculated as
(d(/(x) -9), FPax) (k) )t . In Fig. C3(a), <d(/(xt)- /)>A and
JACi(/) are plotted as a function o6f

Using equation@8), now one can obtair<d(/ (x,)- /)> and accordingly the free
energy ona-as F(/):-kBTIn<d(/(xt)- /)>+c, wherec is a constant. The free

energy F(8 evaluated by RPP method reveals excellent agreement\i{@hby
equation C2) in Fig.C3(b).

123



(a)

I ’ T H ] H I ! ] H T H T ¥ ]
10° F B(AX)-A) A o JLCA) 3
107! F .
102 F e TN e~ 1
E RN Y X e Ty, Mg,
i B0 k S | Ry
10 3 - = 9 A 9 ; L“ (:_‘ , -
i | s | 1 | N | I | ] 1

A
(b) 6 T T T T T
= o ©  F(A) by RPP 4
$m4 i — W(A)in Eq.(Z)_'
a L
53l :
5 L
o 2 7
2 L
= 1 F _
0
-1.2 -0.8 -0.4 0.0 0.4 0.8 1.2

F o3 (<€l()/(Xt)- /)>A, as the steady attraanisointairByn dfissotpm it u teido |

wi thhe tv a UaGi@sb )o(ft he fFpés ewvad gyt ed by RPP method fronm

compar &@f wiotmh ed2pti on (

Exampl e 2

In this example, we still consider the one particle moving in thedanensional
doublewell potential, i.eV(x) in equation C2), using Langevin dynamics with inertia.
The numerical iteration for inertia dynamics follows a &g impulsive Langevin

integrato{99] as:
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v';';‘é;+E g:vtge-@ '9) t D
c 2 = g2
v =avg 3 842
¢ e=tm o N (C9)

X+ D) x(1) gy ot

(; g 2 —2 -
Al v iR o
o 2 = (;2 =

whegel €9 f(X)= -M(X/ X, a@hd a random number gen

nor mal dIl(sOt,rli)b.utlinont hi s examplelL@Gnue= Qansi de
The rest par a@e) earse i tnhe guamkeTeziOnx&Etph e0 1t,wo c a
to= 0 . O 1Dt=to/a2n0d.
Like example 1, the two stable states A and B are setto be axeundi 1 .x0 and
= 1.0, and the order parameter for transition B\is set as= xin FFS. We also set 12
interfaces {&}i =o¢fbr om 1 0. 8 aet=0 0 6:8(8, andswat for simplicity,
and 1000 configurations @ to start FFS. The details of FFS calculations are listed in
TableC2 for the case witb=10, and in Tabl€3 for the case with=2.
Following the RPP procedure in example 1, the free energy as a funchid(gf

is evaluated in both cases. To compare the effect from inertia, the correlation function,

—<<\\,/(((t,))\\/,((%))>> , is calculated and displayéni Fig. C4(b) and FigC6(b). Wheno=10, the

correlation of velocity decays to neglectableta80to (see Fig.C4(b)), while the
average length of partial path segments (see Gfa)) is around 50 to 15Qo,
suggesting that there is no strong corretatad velocity between partial paths in
adjacent interfaces. In the case witi?, the average length of partial path segments
(see Fig.C6(a)) is around 10 to 8Qo, but the velocity is strongly correlated within
t=10Q0 (see Fig.C6(b)), indicating thatthe correlation of partial path between

interfaces is nomegligible in this case. However, since the dynamics in both cases is

still Markovian, the condition for using RPP method is satisfied. The values dfy

FFS and RPP agree very well with each other in both cases (sé€bFay.o=10 and
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Fig. C7 for 0=2), as well as the free enerf{e by RPP and/(s). In 9=2, F(8) is not

continuous in the side near state B, because of the bad statistics from thpasgrairt

path on interfaces near state B. Despite of #@, is in overall agreeable witi(s)

and reveals the correct barrien\@B) looking from state A.

Tab2el nterfaces, number of trajectorn eBF&dfort he cr o
in Example 2.
[ & Mi Ni Mi - Ni P()
1 -0. 8 5000 1565 3435 3. 1BE
2 0.7 5000 2065 2935 4. 1BE
3 -0. 6 5000 10214 3976 2. 00E
4 -0. 4 5000 1422 3578 2. 8UE
5 -0. 2 5000 2259 2741 4. 5QRE
6 0 5000 3443 1557 6. 8®IE
7 0. 2 5000 4436 564 8. 8U0E
8 0. 4 5000 4847 153 9. 60E
9 0.6 5000 4981 19 9. 9B E
10 0.7 5000 4990 10 9. 9B E
(3)200 T T T T * 1 (b)l{) T T T T
—&— boundary
—— loop =
150 OE
[
- = 0.5 -
100 F =
e S
z
50 | =
0.0 |
0 1 | 1 | 1 " 1 N | " 1 L | L
0 2 4 6 8 10 0 100 200 300 400 500
i ¢/t
Figd I n exanple)2(tmiet maverage path |l ength iof partia
boundary refers to theasadbundadyl segpmeefera tegibe

i nt eir(fba)cet he correlation function of velocity.
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(a) - r T 1r 1T ¥ 1 I (b)ﬁ T I I T T
10”;‘”\ —0— P} by RPP - L A
[ N P; by FFS _
1 \ ~ 4 -
105— 3 Sm L
ar 4 Qa— -
107 F \ 1 T |
' N 1l i
L i = NP L
1073 PR I I BT | 1 0 AN I BT R B B N
0 2 4 6 8 10 12 -1.2 -0.8 -0.4 0.0 0.4 0.8 1.2
i A
FFd5 I n Exampl@,) 2(twietlerossing probability
the one from FFS. (b) the
Tabd3el nterfaces, number
in Example 2.
[ & Mi Ni Mi - Ni P(*Y,)
1 -0. 8 5000 2523 2477 5. 00E
2 -0. 7 5000 2376 2624 4. rOGE
3 -0. 6 5000 1121 3879 2. 24E
4 -0. 4 5000 1576 3424 3. 10E
5 -0. 2 5000 2659 2341 5. 3@E
6 0 5000 4129 871 8. 26E
7 0. 2 5000 4859 141 9. FQRE
8 0. 4 5000 4983 17 9. 9/ E
9 0.6 5000 4996 4 9. 9B E
10 0.7 1025 1025 1 1. 00E-

evaluated

freeV@ine reggyCzetviadu a(t ed fr
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_
o
—

(a) 100 ——F———T——T——T—

I —®— boundary
—— loop

80

T/ t,
MOv(0)((0)v(0))

O. 5 " 1 " | " 1 L | "
0 100 200 300 400 500

i ¢,

Fige I n ExampRea)?2ttwetlaverage path I ength ipf partia
boundary refers to theasabundadyl segmeerfeira tegiadbe

i nt eir(fba)cet he correlation function of velocity.

(b) ¢

] 0 —\. | IR I RPN B | ./-
3 12 -1.2 -0.8 0.4 0.0 0.4 0.8 1.2
i A

FFdg7 I n Examp2e) @t lwé tdhirossing probability evaluated

the one from FFS. (b) the freeV@ineregyCatviadmua(t ed fro

Exampl e 3

In this example, the ongarticle system is in a twdimensional potential100]as

V(x,y):4ksT((>% Q) (#x ))2) (CL0)
where the two stable points are at (11, 11
wi t heneemr gy bleTag epl otftC84d non hFsegexampl e, we

overdamped Langevin dynamics to ¥xyul ati on
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where the particl e&y) .poBhd itormnaji esc tderniod £ da rae

x(t+ B 1) B‘% t B2D tg,

(CL1)
yitr B 50 Bfki%y) t 526 tg,

whegcanggare two uncorrelated Gaussian rando

di str lj(boufde)oiar e t he forfkERy=d¥ki)yhedndas
f,sy)=-\xyN vy , respmPeicg i vaky.di ffusion coef fi

D=keT 3.l n s i mkeT=al.i logn $&drachyhr e di screti zed with
and trajectorited, awet BBt or 6dd O2 1 & rTghaes esrteanli | e

states AdeafnidneBd aareound the point (71, 1T1) ¢
the tramsiimi &FFSA the orde/r=()p-a/)|/\émeae|d ié ch

I nt erdliaceexs e{ seef ramoind »2 st sel. 20 bex overl ap
as—x=1 la@ads1l . FFS starts with 20IhCe ocrfaiidur at
FFS in example &B.are |isted in Tabl e

Following the RPP procedure in example 1, the free enéfgyas a function of
/:(X +y)/\/§ isevaluatedfosl [ T 1. 2, 1C9(b)]F(a) by RPP iE ¢compared
with the free energy calculated from Umbrella Sampling (US). The choice of order
parametef/ =(X w)/«/f is a straightforward but neoptimized one, but the free
energy by RPP is overall consistent with the results from US with a slightly higher
barrier. The crossing probability?™ calculated in RPP is the same as the ones

evaluatedfom FFS (see FigC9(a)). The criterion of comparind®® form RPP and

FFS is not able to tell whether the order parameter is a good or poor one.
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V(x,y)

Fi g8 the contairmeafsi boheé&/(kyW) wo the retQlu@ait.i ofnhe( whi te soli

mar ked t he directfl%(%"'y)}/\/zlrdamrd pehreamgeateggyr dashed | ines

definedi bg@d O.2 in the phase space.

Ta b C&. I nterfaces, number obabrhjegtoni escandntheefa

Exampl e 3.
[ a Mi Ni Mi - Ni P(™)
1 -1.2 1097 1000 9970 9. 1@ZE
2 1.1 8000 3575 4425 4. 40FE
3 -1 8000 2880 5120 3. 6ME
4 -0. 8 8000 3551 4449 4. 400E
5 -0. 6 8000 3689 4311 4. 6QE
6 -0. 4 8000 3944 4056 4. 9BE
7 -0. 2 8000 4406 3594 5. 5QE
8 0 8000 65382 2618 6. rFBE
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9 0. 2 8000 6482 1518 8. -ME
10 0. 4 8000 7305 695 9. 1IBE
11 0. 6 8000 7727 273 9. 6(BE
12 0. 8 8000 7853 147 9. 8QE
13 1 8000 7968 32 9. 9B E
14 1.1 8000 7952 4 8 9. 91 E
(a) T T T (b) 6 T T T T T i
10° R . 3 - > RPP
\ —— P! by RPP .l us
10! _ \ P by FFS L
PR UE] TN 1
E ™~ ]
10 | N 3
]Oﬁ.l ;_ 1 1 _§
0 8 12 16
i
Fi@. |n Example 3, (a) the crossing probability

from FFS. (b) the free energy evaluatedmbreml RPP co

Sampl(uUsy .
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Abstract

The chemical composition and nucleation kinetics of Cu precipitates in thermally
aged bcc FeCu alloys is investigated with statistical sampling techniques combined
with Monte Carlo simulation. The analysis of nucleation dynamics is performed by a
rigid-lattice Monte Carlo algorithm based on the vacamoghange mechanismt
elevatedaging temperatures from 450 to 680 the critical cluster size and the
corresponding nucleation barrier are evaluated using an Umbrella Sampling technique.
The nucleation rate of Cu precipitates is calculated on basis of nucleation trajectories
harvestedy Forward Flux Sampling (FFS). Thestesinucleation in dilute bcc FEu
alloys is predicted to occuat 550 ~ 600C, which is in good agreement with
experimental findings. The critical Cu clusters at 450 t6%0e found to contain 10
~ 40 atoms witlan increasing nucleation energy barrier from 10 t&e3 For small
clusters with less than 30 atoms, a significant shape anisotropy is observed during
nucleationSpecial emphasis is placed on the Cu concentration profiles of critical nuclei,
where we bserve that the first formed Cu clusters contain a substantial amount of iron
at lower annealing temperatures. However, the Cu content of the clusters increases
rapidly to almost unity during aging. Growth of the clusters follows mostly after the
nucleus ks substantially enriched in Cu content.

1. Introduction

The FeCu binary system is a wedtudied model system in precipitatitbardening
ferritic alloys, where Cu precipitates play an important role in materials strengthening.
It is commonly acknowledgethat, in thermallyaged binary Fd-30%Cu alloys,
copper precipitates undergo a BOB-FCC transition during the precipitation process
[1][2][3]. The chemical composition of these bcc precipitates, however, is still unclear.
In recent Atom Probe (3DAP)westigationg4][5][6], the bcc Curich precipitates are

assumed to contain about 50% Fe atoms, while the results fromasgal neutron
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scattering (SANS]J7] indicate a significantly higher Ceontent of more than 70%.
Schober et al[6] attribute thisdiscrepancy to the assumption of Aoagnetic Cu
precipitates in SANS experiments and the insensitivity to very small clusters of only
subnanometer radius in 3DAP techniques. Unfortunately, no direct explanation for
why the bcc precipitates contain suggrhFe content is provided.

The properties of the bcc precipitates are directly linked to the nucleation behavior
that occurs in the early stages of Cu precipitation, whittaidto detect with present
experimental measuring techniqu8ksince this pocess involvesiltra-fine nuclei and
transient barrier crossingotions[9]. In theoretical descriptiors precipitation, such
as the Kampman and Wagner (KWN mo[é€l]) and CahrHilliard basedapproaches
[11][12][13], the nucleation kinetics is describeglthe growth of critical clusters with
pre-defined particle size, chemical composition and number of density from Classical
NucleationTheory(CNT) [14][15][16][17]. HoweVer, thewucleation rate predicted by
CNT is very sensitive to thehoiceof input parametenalues e.g, precipitate/matrix
interfacial energy and atomistic attachment frequenci@hese quantities are not
straightforwardly obtainettom experimental data or theoretic calculations.

An alternative way to study nucleation kinetics is provided by the Monte Carlo
method[18][19][20][21][22][23], which allows for a detailed tracking of the formation
trajectoriesof Cu particlesduring the whole precipitation process. In the literature,
various Monte Carlo algorithms have been proposed and successfully implemented in
software to investigate the diffusion kinet{ds], cluster mobility[23] and vacancy
cluster interactionf20] in the FeCu system. However, the microscopic properties of
critical or precritical clusters are not specifically addressed in these studiesssdie
with this technique is that, considering the computational effort, Monte Carlo
simulations are usually carried out in sraHle samples with the order of a few tefs
nanometers and only for short timegjich are likely tocause insufficient statistics in
the simulation and lead to an inaccurate estimation of the number density of clusters,
especially in weakly supersaturated cd2e3$.

To address ik issue we study the nucleation kinetics of coherent Cu patrticles in
dilute FeCu alloys byapplying enhanced statistical sampling techniques to Monte
Carlo simulatios. An Umbrella Samplingtrategy[24][25] is employed to evaluate the
equilibrium distribution of edy-stage clusters and to reconstruct the nucleation free
energy for single cluster as a function of its sj26]. The nucleation kinetics is
investigated with a Forward Flux Sampling (FFS) technifRid by harvesting
trajectories of cluster formation drcalculating the nucleation rates of Cu precipitates
in the primary stage. Additional nucleation quantities, suchthasatomic attachment
frequency and the Zeldovich factor, are also evaluated and compared with predictions
of CNT. Finally, theconfiguratons with the largest clusters in critical seme collected
from nucleation trajectories to perform the analysis of size, shape and concentration
profiles as the major properties of critical clusters.

2. Methodology
2.1. Rigidlattice Monte Carlo Simut&n
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The nucleation dynamics simulation for Cu precipitation in dilute bcc Fe alloys is
performed with the Rigid Lattice Monte Carlo (LMC) scheme implemented in the
software MatCald28]. A bcc lattice of 30 30® 30 unit cells isusedwith periodic
boundary condition. Atomic diffusivity is described by the vacancy exchange
mechanism and real time is coupled to a Monte Carlo step (MCS) by defining the

aZXvaMC =

average time increment corresponding one vacancy j@tpas Dt = x,

A

wherea is the nearest neighbor distance in-bec(2.468 ), Da is the macroscopic

diffusion coefficient of the jumping atom A in bée&,xvanmc is the vacancy site fraction
in the simulation box an#l is a correction for the diffusion correlation effect in the
vacancy exchange mechanism (0.727 for bcc lattice [29]).

The LMC steps are governed by an atomic interaction energy formulated in the Local
Chemical Environment (LCE) framework expressed in reference to a particular center
atom [21]. The energy of the si@m is calculated as the sum of all paise bond
energies extending from each atom up to the second nearest neighbors,

1o & )4
E:Eé aniél (1)

i=1

where n{) and &) are the number of AB bonds and the corresponding bond energy
in the "@h nearest neighbor shele} = ¢, &’ + c,&, wherec, and ¢ are the

atomic fractions of A and B in the local environment agl}” (&2(’) is the AB bond

energy in a pure A and B environment, respectively. The summation includes all the
possible combinations of bonds for A and B, representing the atomic species Cu and
Fe, as well as Va, representing the substitutioaeémcy.The LCE potential is a very
flexible and robust energy model, whose parameters can be calibrated with various
methodologies, such as experimental measurements, first principle calculations, or
thermodynamic assessment. The details of this poteatiabe found ifRef. [21].

In the LMC framework, the acceptance probability for a vacancy exchange with a
nearest neighbor atom is given by

o

a pec€
P =expee —¢ &
ngT—Z
whebDEg epresents the total energy difference
after the eXEhQaPsgel.event . | f

Table 1 lists interaction energy of-&i on the first neighbor sheli® and &9

uFe

, at different temperatures from 450 ~ P@  For other neighbor shells,

ore = (1 /1) ° &, where rand 1 are the first and-th nearest neighbor distances,

uFe?
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respectively. Using this setting of LCE potential, fudubility limits of Cu in bceFe
(xZFe) and Fe in be€u (x2=*) are calculated from the shaliffusion LMC

simulation$30], and the values are validated by thermodynamic assessment based on
the Calphad approad8,31,2] (see Table 1). Since we use the tracer diffusion
coefficient (e.gDcu, is 1.5me-s1[33], andDreis 7.4ne-s1[34] in bcc_Fe at 50 )

to couple the MC step with real time, there is no need to additionally define interactions
for atom and vacancy,e.d!),, and &), areset to zero. The vacanesycancy

uVa eVa

interaction is also neglected, because only one vacancy is placed in the simulation
sample.

Tabl e 1.€£§§Zaalnm’§&§usoéd in this work and the <co

limits offe&ff" )nabdcEeXgn) bceproduced by t

potentiadiifhmushensILME si mul atliiotnys I[i3nDi]Jt.s f N
thermodynamic (TD) assessment [28,31,32] al

S g LMC TD-assessment
T/rPC o CuFe

imevV  /mev  Xo-cat% X %at%  x>Fat% X at%
450 488 452  0.039 0.033 0.042 0.032
500 475 448  0.080 0.062 0.077 0.063
550 46.3 445  0.126 0.115 0.131 0.116
600 451 440  0.210 0.198 0.212 0.199
650 44.1 436  0.333 0.322 0.329 0.320
700 431 430  0.494 0.497 0.494 0.490

2.2 Microscopic cluster description aader parameter

A cluster formed during simulation is recognized as a group of solute atoms
connected with each other within the nearest neighbor distance. Tloé sizkister is
defined as the total number of solute atoms on this network. Clearly, the smallest cluster
is a dimer (two Cu atoms next to each other within the nearest neighbor distance), and
a Cu atom without any other Cu atom in its nearest neighletiishegarded as a solute
atom in the matrix. This cluster detection recognizes all the clusters formed during
nucleation including both, unstable pretical as well as stable pestitical ones, to
provide a sound evaluation of the cluster size thgtron

In the present workthe order parameter describing thecleation procesis taken
as the size of the largest cluster/precipitate in the simulation box. In classical theories,
since nucleation is assuthéo happen independently among clusters, diieamic
description of a singleluster nucleation is used to represent the nucleation process of
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the whole system on an average bfgisTherefore, the cluster size in CNT only refers

to individual precipitates, which are not
Monte Carlo simulation, we observe several pyecipitates with different size
simultaneously formingand dissolvingin the matrix Using the size of the largest

clusters as order parameter represergsmple butefficient way to characterize the
nucleation stage in atomic simulations.

2.3 Umbrella Sampling

From statistic point of view, the nucleation free energgadsesponding to the
equilibrated size distribution of clusters in a certain supersaturated condition. This
distribution will not be established in reality, since, during nucleation, there is always
a net forward transition from small clusters to largeblsteones until the phase
separation completed. When focusing on one cluster, the equilibrium size distribution
Is equivalent to the probability of finding the cluster in a given sizen its own
nucleation trajectory, which is proportional to the totaeithe cluster spends on size
n during nucleation. However, due to the presence of nucleation barrier, the chance to
observe a cluster around critical sizeis extremely rare compared itan other size,
which resuls inlarge statistical errors in estation of equilibrium probability around
n*. To solve the problem, we implement the Umbrella Sampling tech{24i@5] in
the evaluation of nucleation free energy in this work.

Umbrella Sampling24][25] is a commonly used strategy to obtain the fresrgn
profile along a chosen physical coordinate by performing a series of simulations under
a biased potential to constrain the system inside local regions in configuration space. In
our Umbrella Samplingsimulations we choose the size of largest clustes this
coordinate, or order parameter, and a set of windows is defined for the sampling with

the bias energy given by, =§(n- ni)z, whereni is the restrained value of thh

window andk is a spring constant. According to probability theory, the number density
observed in theth window samplingri (n), fulfill s the following equation,

ri(n) = fic(n)r(n) (3)
wherer (n) is the unbiased equilibrium probability of a particle of sizevhich is

connected to the free energy Wy(n)=- ksT Inr(n). The factorci(n) is related to the

bias potential byCi(n):expg-Ui(n)/kBTﬁ, andfi is a normalized factor defined as

fi :/én_ G(n)r(n).

i=1
Based on the maximum likelihood theory, the equilibrium probability chn be
written as
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r(n) =1—M ()
a Nific(n)

(4)

whereM(n) is the accumulated number m&ized particles combining all the window
samplings, andlii is the total number of samples in thi window sampling. Eggations
(3) and (4)areknown as the coupled nonlinear WHAM (Weighted Histogram Analysis
Method)[24][35] equations, which can be sely iteratively forfi and 7 (n) until self
consistency isichieved

It is stressed that (n), solved by WHAM, denotes the equilibrium probability of
finding the system with size of the largest clustgualingto n, which is clearly
different from the equilibrium probabilityf,(n), defined on a single cluster model in
classical theoriefNevertreless r (n) andf (n) will overlapfor largen, when only one
cluster of that size is observed in theabrella Samplingimulationd26]. Accordingly,
the CNTFtype/singlecluster free energypG(n), can be calculated as

&
-Inf(n N ¢ Npac

DG(n)/ keT =1 v et (5)
f-Inr(n)+C N> Npach

wherenpatchis the point where the two free energy curves are patched up enan
adjustable coefficient to make the free energy continuous at the patching point. For
small values oh, nOnpatch, the probabilityf (n) appraximately equals to thstationary

size distribution established whencleationtakes placg36], which is calculated by
directly ina conventionalpr bruteforce, MC simulationwithout bias potential

2. 3. Forward Flux Sampling (FFS)

The Forward=lux Sampling (FFS) techniquas originally proposed by Allen et al.

[27] to calculate the rate constant for rare reactions in complex biochemical switches
is utilized to study thaucleation rate of Cu precipitates.

In the FFS method one considers pidglly highdimensional phase space. Each
point in this space represents a microscopic state of the system specified by the multi
dimensional coordinat¥. Regions A and B arevo stable (metastablsjatesdefined
in terms of an order parametgiX), sud that the system is in state A/ifX) < /o, and
in state B if/(X) > /m. A series of nofoverlapping interface§/i}i=1¢ m-1 is defined
between states A and B as illustrated in Ei¢gn FFS one first performs bruferce
simulations starting instate A. Every time a trajectory forwacdosses/o, the
respective system configuration is stqrathd the simulation is restarted uriib
configurations are collected. The average number of crossings through inferéate

of state A per unit time islenoted as initial fluxF a0 = No/Dtit, WhereDtot is the

total time the system remains in state A during the simulation.
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In the next step, the collected configurations /anserve as starting points of

trajectories which are followed until the trajectory either crogses returns back to

state AAtotalofMot r aj ect or i e dot@ageneraté d setrofeahfigurdtions m
on /1, which are used to start new trajeadsriand repeat the process for the next
interface. From each interfage Mi trajectories are fired and harvested that either reach
the next interfacdi+1 or return to state A. The probability that a trajectory, which has
crossed/i coming from state A,antinues to crosgi+1 before returning to state A is

defined as the crossing probability(/,_|/)= Nf/l\/li. Here, N° is the number of

trajectories that successfully crossi from /i. The whole procedure is terminated

when at least one trajectory reaches state B, and the transition rate domstantbe
obtained fron{13]

1
kae =F 20O P(/iul/i)

i=0

(6)

For a single nucleation event, thendom (initial) state without large clusters is
treated as reactant (state A) and the qasital state, where sufficiently large and
stable clusters have formed, is treated as product (sya€eeBerally, when using the
largest cluster siza as ordemparameter/ (X)=n, the nucleation trajectory is a time
dependent function of cluster sizergy. The forward crossing of a given interface
at timet is defined asi(t) > /i, while the backward crossing is definechéy O/i. The
interfaceq /i}i=0¢ m are a group of increasing values acting as milestmngstermine
the time tostore the configurations in whidhe largest cluster firgtme reaches or
exceeds a given size . The reaction rateoefficientfor a nucleation evergxpressed

by eq.(6) can be considered as the frequency of forming one stable large cluster from
the random solution, which is treated as a product of the frequency the largest cluster

in the systenattempting to grows over the a small siz€ gfi.e. the initial flux F a0,

and the conditional probability of a cluster in sizegrows to a large posfritical
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1
cluster 6>/ m) beforedissolving i.e. the crossingrobabilityP(/m|/0) =Q P(/ix|/i)-
i=0
Therefore,1/kas is equivalentto the average timthatthe systemmeedsto form one
stable postritical precipitate from the random staféecordingly, denotingthe volume
of theMC simulation box byv, the nucleation rate salculatedas[37]

JzkAB/V (7)

3. Resultsand Discussion

3.1 Nucleation free energy

In the presentmbrella Samplinga set of windows idefined with restrained valae
of{n}={ 2, 4, éndaspringcongabt]of 0.28sT for all the samplingsThe
size of the largest cluster is tracked for every MC step, and after 5000 MC sweeps for
equilibration, the value ofn is recorded everyatation for 20000 MC sweeps in each
window.

The free energi#(n) for cluster formation in a F&%Cu alloy at 60TC (solid curve

in Fig. 2 is calculated by (n) =- keT In7(n), with 7 (n) obtained usinggs. (3) and (4)

applied to theumbrella samplingresults. One can clearly observe a wide and
comparably flat free energy barrier with the critical sa@responding to the top of

the barrier aroundn=38. The local minimunatn=5 comes from the fact that the free
energyF(n) is a unction of thdargest clustessize,and due to the thermal fluctuat®n

in random statef-(n) sharply increases asapproaches 0. The position of the local
minimum depends on the degree of supersaturation and the size of MC simulation box
[26]. The bruteforce simulation is performed to evaluate the equilibrium number
density,f (n), for small clusters: In f (n) is depictedby the dashed curve in Fig..2
According to eq. (5)the CNT-type'singleclusterfree energyDG(n) is reconstructed

by merging the two curves at the patching point n=10 with the same gradient (illustrated
by dottedline in Fig.2).To avoidambiguity, the ternrnucleationfree energyefers to

DG(n) in this work
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Fig. 2 Free energy of cluster formation a Fe1l%Cu alloy at 600C obtained from
Umbrella Samplingsolid curve) and from bruttorce simulation (dashed curv@jhe
singlecluster free energPG is obtained by patching up the two curveghatpoint
n=10 (indicatedby thedashed linejn this caseThe dotted line represents the gradient
of the free energy at the patching point.

The nucl eati on free energy i s systemat.i
Fe 1.5%Cu alloys in the temperature range
3adhe criticnadilnacrlasdes fsiem around 10 to 3
rises from 450 to 600 AC, with the free en
12 tkel. 2Pn the case of Fe 1.5%Cu (in Fig. 3b
from 500 to 650 AC, the critical cluster s
barrier hei ghtkTrAl siimg |farrom rle iteptrilone if poll d so w

cal cu[l B&Jiwhrer e the critical cl ums teat isv aztei a s
barrier oksT)O0.f603r enMu ¢(l9e &bt i on in Fe_ 1. 4%Cu al
the free energy barrier becomes | ower, but
decreases. The free energy che velsasagsiec all sfoc
a®G(n) a=rbn/gc, wlaes et he v ol ubes ctomd riirbtudri foangi a
termciasnda normalization constant. Assuming
precipitate/matrix interfacial en@egy is e

is roughly est iCmataeld ofysr, dinl uctoens@est ency W
obtainde emer ali zed nearest nelfi @mijptor br ok
Size correctidgm.0ffor small <clusters
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3.2FFS trajectories and nucleation rates

The nucleation trajectories in Fe_ 1%Cu an
gener ated using MC dynami cs and [ B@fvestec
Nucl eation rates calculated from eqs. (6)

nucl eation rates of Cu precipitatl®ds bet wee
10anssii n t-h®wCleal lwy Oassdi N t-heb BEuU alolroypot h

all oys, nucl eation rates do not significal
ecreasing temperature, but rat her decl i nce
ncreasingly sluggish diffusion ofonsubstit
ates are obserivne-iPet anduado&5BOABOWACI n n
ood agreement wi tthe mpeepakesbphéamabnt ( ma& P)
eported HUwW1IRewherzeethal fastest nucleation

n 1F.e2 %Cu. It i s worth noting t hat t he n
orresponds to the steady state nucleatic
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Fig. 4 Nucleation rates obtained by- FFS (f
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Unfortunately, there is not much quantitative information on nucleation rates
available for the present K&u system, neither from atomistic simulations nor from
experimental work. On one handxperimental measurements for nucleationsrate
require accurat detectiorof the Cu particleqradius smaller than 0.5nm) formidthe
earliest stage of precipitation, which is almost impossible with present experimental
technigues. On the other hand, the stestdye nucleation stage is inherently difficult
to be observed in conventional atomistic simulations, especially under- high
supersaturated conditions. In the work carried out by Soisson and &itimvith an
estimated critical cluster size derived from the stestdie cluster distribution, the
nucleationrates for FeCu alloys are only reported for rather high temperatures
(1000K~1500K) calculated from bruferce Monte Carlo simulations.

I n continuum precipitatiotdemedmi sedtpar ame
controlling trmemtkeerol diedn oint Yofoft hppr eci pitat es
coarsening of clusters begins. I[n1,7f) he wor
simul at rpornesc iopfi tGu i on i n ferrite [dr0e 4834drri e
(i mpl e me nstoefdt wianret Neatf@®¥8lgc wi t h t he nucl eatio
precipitates calculated in a CNT framewor Kk
I n their work, the steady nucleation rates
or delrfo @ Damss1i n t-hed %B@u+-aatl 14050 to 650AC, wi t h
value, 3h@mwmndoBcurring betweeéeusadmad0 ng 650AC

= the data was not published, baproducedvith the same MatCalc script from r¢f7]
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3.3Comparison withthe brutalforce MC simulation

The evaluation of nu€tbeati MC samel &t omns
on the connecdieprnbentwve ek atnid@atuond er atdensi t
cl us t[edr2s, 4a49]

Jn,t = Nn,tkrT - Nn+l,tkr_1+l :m ( 8 )

it
At a gitNedemomes the number deasomyg, of ¢

and(m denotes the number denat e g$.dfs cl uste

the transition f rneaguwaensc y of art tealcilas tihem o mwe idteht
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[ 42]The wahuasrahge of 10~50 atdsm& ghve si
case.

The bfroutcael si mul ation is repeated for 100
ofNt( >15)-1%@u Fal | oy at 5N)(0>AIC5.) Tahtd saavdehrsapd eate e d
I n Hiag). a3l ong with its Mean Square Root De
bars. According to Fig.5 N(a»15)t hies |bewgiarrniyn
short period of time afteartageemaltiireq@.ti ©he
ar ounBBOdM:@iwi t h a d¥v fRalans@ri nalfi cated by the

l i nes. Compared with theloms@l eaheorvabuat
from -bou¢a@al method is slightiyrkieglemul Bhii <
utilize a | arger MC sample, which could ha

area and resul &t han at Isd i @grhgnmal khé gddeaip i @ ian

144



(a) 60 . (b) 3.0
o N(>15)
Il 2.5
%) o
E") '«‘
‘g 40
O T 20
: PO B O
D ~ 158 < X
- 1.0B
S
o e L 1 " 05 L L
0 6 12 18 x10 10 100
time /s MC simulations

Fig. 5 (a) the number oRN( xl%u)steas avifthngoctiza
evaluated by avedf agcegsowmellldw 0anlblrayn adte 5 0 (

The error bars illustrhéeestbadegontucimeani snr
evaluated from the |linear I3y 0omi®cwietalsi ag r e
devi at’0OcBOomds1i ndi cated by the dostatdeline

nucl eati oh%Cutal iy Fet NGOCAG)ewalewuatgé dhgbyv
100 bBroutceel si mul ati ons.

To test sensitldontyhefnwembermaof omepeat ed
cal culkfartr eNig >15) in eachfomdevisdwmal atbiran alas
averaging over multiple si-muthaei onc!| gaeeoh
evaluated by one si3®dma@it orf? dohaBe r caensd farso m
averaging over mor e r epe akbeedc ogniemu Isantail d nesr,
converges 3hOomaBnwi tlh. 61800 repeated simulatio
5(b), anN(aeweér)agierdom over 20 repeated si mul
100200 unit bcc cell gives a reddCmuabl e e:c
all oy at 500AC. Coecnheasatlilcy,ertroor eidru ceev d lhea tsit
br uftaarlce method needs to either enl arge tF
repeated times of simul-BbroesmeCbmgar EBESwh
hi gher comput ati oncoeeffffiicciieemcty ersepaecctiiadn yr a tne
transitifoh5]deanr rtiheirss wor k, FFS harvest abou
trajectorieskfomniAPReal aull atyi an &f0O0AC, and th
about 50 hour Suppoai sagnghactrciotniec aslt acbll ues tpeors
i n bfrarta@ad si mul ation stands for one succes
repeat the simulation for 20 times to haryv

CPU time is abausi Bl @éoacaoseo For a | ow s
i n-1PECu all oy at 600AC, FFS spends 680 hou
successful traject#fomrices ,mewhiolde w=i nag eb rnutta
nucl eati on in aTheasetbil ealdPyU ttihiee rCRRU t i m
simulation exponentiall §4,6hlcasad esn wihe GCRI
for-1%@u all oy at -f500cfC,metthheo dbriust adsti mat ed
hours on a singlescdnued moachazrrtedsn 60 Ccdt O
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3.4Comparison with CNT
In Classical Nucleation Theory (CNT), the nucleation rate is expres$46]p&/]

e “\ &
J =NZu expé wt 9)
& keT (

whereN is the number of potential nucleatisites,Z is the Zeldovich factor is the
atomic attachment rata,is the number of atoms in the cluster &@(n+) is the free
energy barrier at the critical cluster size The Zeldovich factoZ is related to the

curvature of the free energy barragithe critical size,z = / [;G—k(n'r) . Here, DG(n+),
P Ks

n-andZ can be directly evaluated from the free energy cd@én) as obtained in the
previous sections. lolassical theorieghenucleationfree energypG(n) is expressed
asDG(n) = DGnucin + s n2i3, whereDGnucl is volume energy contribution, also known
as the driving forces is interfacial energyerm, given by the product of geometry
factor A and the interfacial energy i.e. s=Ag. Thenucleation freeenergy evaluated
in USfits very well in this classical form, and tleerrespondingalues ofDGnuc and
s obtained from the fitting are listed in Table 2.
Based on the regular solution model for binary system, the nucleation driving force
in a supersaturated solid solution carekpressed g¢6]
8. 4e0 8,00
DG, =(1- Y*)k,TIned—06+ yk, T Ingé-o+ mx’ - x°) (10)
cl- X'+ cX +
wherexe andye is the equilibrated concentration of solute element in matrix phase and
precipitation phase at temperatdrerespectivelywis the interaction parameter for a

binary A-B system given bw=2z (e, +e,. - 2¢,;)/ 2, whereg; is the bond energy

andz is the number of nearest neighbors.is the concentration of solute element in
matrix during nucleation where a maximum valueD@nucl is provided. In a dilute
solutiord the concentration of solute solutisf<< 1,%0 ° xs. Whenxe <<1, eq.(10)
can be approximately rewritten as

DG, =-ykTInS (11)

nucl

where S is the supersaturated degrgwen asS = XxJdxe. Here, xs is the initial Cu
concentration in the alloy andis the equilibrium Cu solubility at temperatureFig.6
displays the relation of driving ford@Gnuci and supersaturated degi®for nucleation
in Fe1%Cu and F4.5%Cu alloys in 450 to 650 °QAccording to Table 1, the
equilibrium bcc Cu phase are almost pure Cu at temperature #%@nto 650 °Ci.e.

ye=1, therefore relation 0DGnucl and S suggested by eq.(11) i®Gug =- ksTInS

(illustrated by the solid line in Fig). However, this tendency is not obeyadd a non
linear relation is displayed betweddGnuc and Irs. At high supersaturation, the
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nucleation driving force is much weaker than the one predicteeq{t1). /A InS
decreasing, the discrepancy is getting smallerD&dci starts approaching to the value

of TksTInS. Eq. (11) is derived with the assumption that the clusters formed during
nucleation inherit the@ropertiesof equilibrium precipitationphase.The trend line of

DGnuel in Fig.6 indicates that the Cu clusters formed during nucleation are all in
metastable state and energetic unfavorable compared with the equilibrium precipitation

phase.
Table 2. ThEGhdarnidniteg flaci aste van airad ye dt dorymf i t t
nucl eation free ener §iys frimen Bpdrmns ztl as st € |
° DGnucl /ks T s lkeT
Trec InS per Atom per Atone;
Xcu=1.0% 450 3.23 -2.05 6.91
500 2.52 -1.75 6.45
550 2.07 -1.49 6.19
600 1.56 -1.13 5.74
Xcu=1.5% 500 2.93 -1.91 6.48
550 2.48 -1.68 6.16
600 1.96 -1.48 5.89
650 1.51 -1.15 5.42
0 o T T T
E
=
< -1t -
5 P=1 =N\ A
o oA _
& N
= 2 \“\A:
DE Fe-1% Cu
< 3} e Fels5%Cu ]
0 1‘ 2 3
InS
Fig. 6 The nuclDéhra&us oa tHuisdhiegsbof denine il
t he e gqDGR«t=F\WKATINS, with the Cu congw=htrBHite on
dashed | i ne m2Grukeso ntshied e@nenagd Ithfavani sh 1 n t

without

supersaturation.
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The interfacial energy terns does not show evident connection with the
supersaturated degrésee Table 2)and atdifferent temperatureshe value ofs
slightly changedn a range between 4.92510.4 Jinolzs. The geometry factoh is a
unit transferas A=a/nz/3, wherea is the matrix/precipitate interfacial area antg the
number of atoms in the precipitaBipposing the precipitates are spheres\anis the
effective volume of & atom, the geometry factor is calculatedAas4p)1/3(3Vm)2s3.
When using this spherical approximatidime interfacial energygis estimatedn a range
of 0.28~0.30J@2 during Cu nucleation in dilute Féu alloys at 450~60C. However,
this is only a roughly estimation, sintiee shape of Cu clustedsiring nucleabtn is
much complex than sphereand the geometry factor needs to be carefully evaluated in
this case.

The atomic attachment rate;, describing the frequency at which monomers are
attaching to a critical cluster during nucleatjd8], is evaluated from FFS trajectories

by

P{ n(t+ D) > n(t)‘n(t) = n*}
Dt

where P{ n(t+Dt) > n(t)‘n(t) = n*} is the mean probability fax cluster at- to absorb

U=

(12)

one atom at the next time slice in each trajectory,@rd the average time interval

that the system remains between adjacent slicesice theattachmenand detachment
frequencies approximately have the same value on the top of energy Hagraitical
attachment rate can be also determined from the mean square displacement of cluster

*
=n

sizg49] in a short timedt, as ¢/ :i<(n(t+Dt)- n(t))2>
2Dt n(t)

In classicétheories,a continuumsnechanical expression has been suggested by
Svoboda et a[16] for spherical precipitates in multiomponent system as

Y -1
V2€0 (. )29
u*:4p(r) 222 (Ca - Coi) g

p (13
a'W &5 Do (

wherer+ is the radius of the critical clusteg is the nearesteighbor atomic distance,

W is the molar volumeCki are the concentrations of elemenn the precipitate with

index k, Coi are the concentrations in the matrix, dbd is the tracer diffusivity of

element in the matrix.

In Fig. 7, the values ot from FFS trajectoriedqq.(12)) are compared to the values
obtained from CNT (§.(13)). Evidently, good agreement is achievénd.FFS, Cu
nuclei are observed to change their size mainly by attachment or detachment of
monomers in dilute alloys, while the contribution from small clusters (e.g. dimers or
triplets) is rarely detected during nucleation. This phenomenon is in agresitietfie
classical description for atomiattachment expressed by eq3)(1However, small
systematic deviations are observed particularly at lower temperatures. This effect can
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probably be attributed to the nepherical shape of very small critical diers, which

we observe in the analysis of the critical nucleus shHage8 shows some snapshots

of small clusters with less than 30 atoms observed in FFS. In order to characterize the
geometry of nuclei, the clusters are fitted to ideal ellipsoidsaarashisotropy factox

is defined as the ratio between the longest and shortest radius of the ellipsbitb(

a sphere). In this work, the critical clusters in the size between 3® atoms are
commonly observed in a nepherical shape withverage anisotropy factors ranging
from 2.0 to 3.5.

@ o ®) g

T T T T T T T T
- Fe-1%Cu ~ - Fe-1.5%Cu -
10" . 10° - )

©
_-m _'m —
~ 0" . ~ 102 | -
S 2 ®
L ” ] L 2
10° - - 107 - .
—&— Svoboda et al. —&— Svoboda et al.

- ® FFSbyeq.(9) T B ® FFSbyeq.(9) T

10'7 1 1 1 1 10-5 1 1 | 1
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T/°C oG

Fig. 7 Atomic attachment rates, evaluated according to Svoboda efH] compared
with the prediction of Eq9).

n=10 &=3.0 n=16 &=3.0 n=21 &=2.0

Fig. 8 Snapshots of small clusters with number of ator0, 16, 21 and 26, aride
bestfitted ellipsoid. Here,x denotes the anisotropy factor of the cluster, which is
calculated as the ratio of the longest to the shortest radius of the ellipsoid.

Table3 summarizes the values of CNyipe parameters as evaluated from the US
free energy curve and the FFS nucleation trajectories. The CNT nucleation rate
calculated usingqg. Q) is plotted on Fig. 4 to compare with FFS predictions. It is not

149



surprising thathe two methods give almost the same prediction on nucleation rates in
this work, since the free energy used in @y is a direct reflection of the equilibrium
properties of the atomic system, and the kinetics of cluster growth is also quite
A c | a s wdiluted-€Ca alloys based on the above discussion.

Tabl e 3moMNuantbems i n the cri %i crmdc lcdaitsiteerr ,b &
DG(nx))keTand atomic absaekhméonbtedtérom FFS traj
with Cu to®wtamd-%L .oF hat nuclaega®t icah cudtaed £d ac
to CNT (Eq. (9)) .

T/°C z DG(n+)/keT st J/mas1

Xcu=1.0% 450 12 0.10 12.07 6.32105 3.061018
500 15 0.08 13.13 1.07-103 1.44109
550 22 0.06 16.04 424102 2.40100
600 38 0.06 21.91 0.56 8.391017
Xcu=1.5% 500 11 0.09 10.94 2.01:103 2.87-10z0
550 15 0.08 12.33 4.81:102 1.421021
600 20 0.07 13.78 0.59 3.4910e1
650 30 0.05 17.90 6.07 3.951(0z0

3.4 Concentration profiles acrogsecipitate/matrix interface

Finally, in this section, the concentrat
i nterfaces are analyzed for clusters of (ol
evaluation, the centereatdmngsctdeteséedtast:
center of the cluster, i.e. the center of

cal cul ated fr om ttnheei gchebrnotrers huepl It cast hd 2105t r &
Cu concentirmhélomei mi chanlan§, whnraen a?

are the number of Cu at omss haeldl ,t ort ead p enautmbwee
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(a) (b)
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Fig. 9 (a) lllustration of the procedure for finding the geometric center of an irregular
cluster and of the evaluation of the composition profile from the center atom to neighbor
shells; (b) Concentration profile of critical clusters irI2@Cu alloy at 45%C, 500°C,

550°C and 600°C, where the corresponding critical sizes are 12, 15, 22 and 38 atoms,
respectively.

The concentration profiles, averaged over
the same si ze, ar e shooown dtih eFyicy,.i t9 (ca) . nlurc
500AC contains approximately 10% Fe in the
i ncreasing to approximately 50% in the fir:
the Cu concentration i ncroefastelse toor iatlincoaslt cil
similar observation of for the concentrati.i
Nagano an@il1Bhemdton a study of #liustardgro
theory f&€u dilll otys . FAccdradiimgqist o tthleeiCru acalna
center of <critical clusters is around 85%
when the temperature is increased to 550AC
was evaluated by Kofé®dals midkt dvaen dndGEnt) ecuhma u n e r
condedpt]l n their work, -1t%WCai drsi teis¢ @a Imacdlews t ®r ¢
Cu at 500AC and gradually increase to al mo.
I n the present analysi s, we do not furth
chemical compossttaron dc ausid itchad adtuual vV a
very sensitive to the choice of <criterion
the concentration profiles of <critical clu
dilute alal wapysapereotCu clusters, and a sub
reside within Cu clusters at | ow temperatu
high Cu content above 90®n dirghmb otrh es hceelnlt.er
temperaturkanfesd&mdcCnt aof Fe infiltrates i
significantly reduces the Cu content arounc
with | ess nbast20catéameyreo region can be d
small adasdcdemposed ayfyeronlgf 2sol ut e atoms, a
in the clusters is partially fAexposedo to
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Fig. 10 Concentration profiles of clusters in a 1.5%Cu alloy af&q@) and in a 1%Cu
alloy at 600C (b) when aging from the critical state for different times.

To analyze the concentrat icon tgrcafli lgerso wd fh
each temperature and chemical Cc otmpoomss taton

Acritical stateso, i .e. the states with t he
nucl eation traject-boies $inmuwlFaSt iaomnd i1a bpreutf
configurations until the saywd ebmmdlortms tah e arr
state. Those simulations, which successful
stored and used to calculate the concentr a
ti mes. Figure 10 summaromrzepr ¢tthiel evoilmutt e

a
weakly supersalt®%wCutetd a@GARAC) iaindestrongly s
Fel. 5%Cu at 500AC). At high temperature, th
without significant ¢ hnatngar oauwnd hiet c(hFeing.c all 0
temperature, the clusters first tend to i nc¢
finally start growinmgchiegpt DO (x) ustEmlmiss da@
| ower temperatures ywasher eDddrftelrye nd o rafl i rSmeach n
(DSC) expet#si nkeHhtstoefell15 n continpbOQE[ D) ng
However, according to Fig.10 (a), the enri
very fast. The clusteosanditbh beern28maFk ar
| ess tmanan0dd. 5Swhen gr onwn ntgh eow ear & halnmds. t8 pur
This observation is incoh4jp5Eh6] wiwhet adeb5E¢
Fe are found in | ardefprecipitate with radi

4. Conclusion

In the present work, we introduce a methodology to study the equilibrium and kinetic
properties of earhgtage precipitation in FEu system by implementing statistical
sampling techniques to Monte Carlo simulations. The nucledtem energy as a

function of cluster size is first evaluated by Umbrella Sampling for two concentrations
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